Homotopy theory of Lie functors by Mikhailov, Roman
ar
X
iv
:1
80
8.
00
68
1v
1 
 [m
ath
.A
T]
  2
 A
ug
 20
18
HOMOTOPY THEORY OF LIE FUNCTORS
ROMAN MIKHAILOV
1. Introduction
Let Ab be the category of abelian groups. By the classical Dold-Kan theorem, the Moore
normalization functor
N : SAb→ Ch
defines an equivalence between the category SAb of simplicial abelian groups and the category
Ch of non-negatively graded chain complexes. Denote by K : Ch → SAb the Dold-Kan trans-
form inverse to the Moore normalization functor. Also denote by DAb the derived category,
obtained from Ch by inverting the weak equivalences.
Given a covariant functor F : Ab → Ab with F (0) = 0, one can ask about the structure of
its derived functors, or generally speaking, about "the homotopy theory of F". For an element
C ∈ Ch, one can ask how to describe the graded abelian groups
H∗(LF (C)) = π∗(F (K(C))))
These homotopy groups depend only on the class of the element C in DAb, hence we can ask
the following: for an element C ∈ DAb, describe the groups H∗(LF (C)) as functors from DAb
to the category of graded abelian groups.
In the present paper, we construct the bigraded functors
E
m(−, n) : DAb→ DAb
E˜
m(−, n) : DAb→ DAb
such that, for all C ∈ DAb, there are absract isomorphisms of graded abelian groups
L∗L
m(C[n]) ≃ H∗(E
m(C, n)) (1.1)
L∗L
m
s (C[n]) ≃ H∗(E˜
m(C, n)) (1.2)
Here L and Ls are graded Lie and super-Lie functors with squares respectively (for the definition
see the next section). The homotopy groups of Em(−, n) and E˜m(−, n) can be described. In
particular, this will give a way how to compute (abstractly) the derived functors of Lie functors
and super-Lie functors in all dimensions. Moreover, we show that, in the case when C is a
free abelian group, the isomorphisms (1.1), (1.2) are natural. That is, this gives a complete
description of all derived functors of L, Ls for free abelian groups.
For certain degrees we will give a general functorial description of derived functors of Lie
and super-Lie functors (not only for free abelian groups). It is shown in [14] that if p is an odd
prime then the groups Ln+kL
p(Z, n) are p-torsion for all k, and in particular
Ln+kL
p(Z, n) =
{
Z/p, k = 2i(p− 1)− 1, i = 1, 2, . . . , [n/2]
0, otherwise
(1.3)
1
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For example, in the simplest case, our theory gives the following functorial generalization of
the above description (for n ≥ 0):
LiL
p(A, 2n) =

L
p(A)⊕ Tor(A,Z/p), i = 2np
LjL
p(A), i = 2np+ j, j = 1, . . . , p− 1
A⊗ Z/p, i = 2n + 2j(p− 1)− 1, j = 1, 2, . . . , n
Tor(A,Z/p), i = 2n+ 2j(p− 1), j = 1, 2, . . . , n− 1
LiL
p(A, 2n+ 1) =

LjL
p
s(A), i = 2np + j, j = 0, . . . , p− 1
A⊗ Z/p, i = 2n+ 2j(p− 1), j = 1, 2, . . . , n
Tor(A,Z/p), i = 2n+ 2j(p− 1) + 1, j = 1, 2, . . . , n
In some cases the description of derived functors is very simple. For example, for a free
abelian group A, the derived functors LiL
6(A, 1) and LiL
6
s(A, 1) are the following:
LiL
6(A, 1) =

L6s(A), i = 6
Γ2(A)⊗ Z/3, i = 5
L3s(A)⊗ Z/2, i = 4
0, i 6= 4, 5, 6
LiL
6
s(A, 1) =

L6(A), i = 6
Λ2(A)⊗ Z/3⊕ L3(A)⊗ Z/2, i = 5
L3(A)⊗ Z/2, i = 4
0, i 6= 3, 5, 6
In a more general case, for a free abelian A, if m is a square free number, i.e. m is a product
of different primes, then there is the following description of the derived functors:
2nm⊕
i=1
LiL
m(A, 2n)[i] ≃ Lm(A)[2nm]⊕
⊕
p prime
p|m
mn
p⊕
i=1
L
m
p (A)⊗ Z/p [
2mn
p
+ (2p− 2)i− 1]
To describe the derived functors in a general case, we introduce the collection of special functors
Nk;p,Nk;p : Ab→ Ab (p prime, k ≥ 1). We call the collection of these functors "hierarchies" by
the following reason. For any prime p and k ≥ 1, there are chains of natural epimorphisms
N
kpi;p
։ . . .Nkp;p ։ Nk;p
which split abstractly, but not naturally, moreover, every natural transformation of the type
Nk;p → Nkp;p is the zero map. These functors play a crucial role in the description of de-
rived functors of Lie and super-Lie functors. For example, the functor L9L
9(A, 2) is naturally
isomorphic to the functor N3;3(A) and can be presented in the short exact sequence
0→ L3(A)⊗ Z/3→ L9L
9(A, 2)→ A⊗ Z/3→ 0
which splits as a sequence of abelian groups and does not split as a sequence of functors.
Moreover, every natural transormation A⊗ Z/3→ L9L
9(A, 2) is the zero map.
Notation.
Λn : Ab→ Ab the nth exterior power;
SP n : Ab→ Ab the nth symmetric power;
Γn : Ab→ Ab the nth divided power;
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L
n : Ab→ Ab the nth graded Lie functor;
Lns : Ab→ Ab the nth super-Lie functor with squares;
L : Ch→ Ch the universal differential graded Lie algebra with squares (see (7.4));
Nn;p : Ab→ Ab the special functors (see (9.1), (9.2));
Jn, Y n : Ab→ Ab the special Schur functors (see (2.10), (2.11)) which coincide with metabelian
nth Lie and super-Lie functors;
Em(−, n), E˜m(−, n) : DAb→ DAb the E-functors (see 9.2);
2. Graded Lie rings
The tensor algebra ⊗A is endowed with a Z-Lie algebra structure, for which the bracket
operation is defined by
[a, b] = a⊗ b− b⊗ a, a, b ∈ ⊗(A).
One defines n-fold brackets inductively by setting
[a1, . . . , an] := [[a1 . . . , an−1], an] (2.1)
We will denote ⊗A, viewed as a Z-Lie algebra, by ⊗(A)Lie. Let L(A) =
⊕
n≥1L
n(A) be the
sub-Lie ring of ⊗(A)Lie generated by A. Its degree 2 and 3 components are generated by the
expressions
a⊗ b− b⊗ a and a⊗ b⊗ c− b⊗ a⊗ c+ c⊗ a⊗ b− c⊗ b⊗ a (2.2)
where a, b, c ∈ A. L(A) is called the free Lie ring generated by the abelian group A. It is
universal for homomorphisms from A to Z-Lie algebras. The grading of ⊗A determines a
grading on L(A), so that we obtain a family of endofunctors on the category of abelian groups:
L
i : Ab→ Ab, i ≥ 1.
The universal property of the Lie functor implies that there is a natural transformation of the
graded functors:
LL→ L
which assigns to an abelian group A, the unique map
LL(A)→ L(A)
which is the identity on L1L(A) = L(A).
Definition 2.1. [13] A graded Lie ring with squares (GLRS for short) is a graded abelian group
B =
⊕∞
i=0Bi with homomorphisms
{ , } : Bi ⊗ Bj → Bi+j, (2.3)
[2] : Bn → B2n for n odd (2.4)
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such that the following conditions are satisfied (for elements x ∈ Bi, y ∈ Bj, z ∈ Bk):
1) {x, y}+ (−1)ij{y, x} = 0 (2.5)
2) {x, x} = 0 for i even
3) (−1)ik{{x, y}, z}+ (−1)ji{{y, z}, x}+ (−1)kj{{z, x}, y} = 0 (2.6)
4) {x, x, x} = 0
5) (ax)[2] = a2x[2] for i odd, a ∈ Z
6) (x+ y)[2] = x[2] + y[2] + {x, y} for i = j odd
7) {y, x[2]} = {y, x, x} for i odd. (2.7)
For an abelian group A, define Ls(A) to be the graded Lie ring with squares freely generated
by A in degree 1. It may be defined as a GLRS together with a homomorphism of abelian
groups l : A → Ls(A) such that for every map f : A → B with B a GLRS, there is a unique
morphism of GLRS d : Ls(A) → B such that f = d ◦ l. The abelian group Ls(A) is naturally
graded by Ls(A) =
⊕∞
n=1L
n
s (A) and for any x ∈ Ls(A), we set |x| = n whenever x ∈ L
n
s (A).
Theorem 2.1. (Schlesinger) Let A1, A2, . . . , An be free abelian groups. There is a natural
isomorphism
L(
n⊕
i=1
Ai) =
n⊕
i=1
L(Ai)⊕
⊕
J
L(AJ ),
where J = (j1, . . . , jk), j1 > j2 ≤ · · · ≤ jk, k ≥ 2 and AJ = Aj1 ⊗ Aj2 ⊗ · · · ⊗ Ajk .
The map
AJ → L(
n⊕
i=1
Ai), J = (j1, . . . , jk)
is given by
aj1 ⊗ · · · ⊗ ajk 7→ [aj1 , aj2, . . . , ajk ], aji ∈ Aji.
For example, for n = 2 and free abelian groups A, B, we have the following decomposition:
L(A⊕ B) = L(A)⊕ L(B)⊕ L(B ⊗ A)⊕ L(B ⊗ A⊗A)⊕ L(B ⊗A⊗B)⊕
L(B ⊗ A⊗ A⊗ A)⊕ L(B ⊗ A⊗ A⊗ B)⊕ L(B ⊗ A⊗B ⊗B)⊕ . . .
This gives a way to compute all cross-effects of the graded components of Lie functors:
L
m(A⊕ B) =
⊕
d|m, 1≤d≤m
⊕
C∈Jm/d
L
d(C), (2.8)
where Jm/d is the set of all basic tensor products of weight m/d in A and B. For example,
L
2(A⊕ B) = L2(A)⊕ L2(B)⊕ A⊗ B
L
3(A⊕ B) = L3(A)⊕ L3(B)⊕ (A⊗ B ⊗ B)⊕ (A⊗B ⊗ A)
L
4(A⊕ B) = L4(A)⊕ L4(B)⊕ L2(A⊗B)⊕ (A⊗ B ⊗ B ⊗ B)⊕
(A⊗B ⊗B ⊗ A)⊕ (A⊗ B ⊗ A⊗ A)
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The number of all basic products of r modules A1, . . . , Ar of weightm is given by the following
formula:
Mr(m) =
1
m
∑
d|m
µ(d)r
m
d
where µ(d) is the Mo¨bius function. The number of all basic products of r modules A1, . . . , Ar
with mi entries in Ai (i.e. m = m1 + · · ·+mr) is given by the following formula:
M(m1, . . . , mr) =
1
m
∑
d|mi
µ(d)
(
m
d
)
!(
m1
d
)
! . . .
(
mr
d
)
!
By definition, we have
|Jm/d| = M2(m/d)
in the formula (2.8).
The cross-effects of graded components of super-Lie functors with squares are the following:
Proposition 2.1. For free abelian A and B, one has
L
m
s (A⊕ B) =
⊕
d|m, 1≤d≤m
m/d odd
⊕
C∈Jm/d
L
d
s(C)⊕
⊕
d|m, 1≤d<m
m/d even
⊕
C∈Jm/d
L
d(C) (2.9)
where C runs over all basic tensor products of weight m/d in A and B.
For example,
L
2
s(A⊕ B) = L
2
s(A)⊕ L
2
s(B)⊕ A⊗ B
L
3
s(A⊕ B) = L
3
s(A)⊕ L
3
s(B)⊕ (A⊗ B ⊗ B)⊕ (A⊗B ⊗ A)
L
4
s(A⊕ B) = L
4
s(A)⊕ L
4
s(B)⊕ L
2(A⊗B)⊕ (A⊗ B ⊗ B ⊗ B)⊕
(A⊗B ⊗B ⊗ A)⊕ (A⊗ B ⊗ A⊗ A)
2.1. Curtis decomposition. Consider the Schur functors
Jn, Y n : Ab→ Ab, n ≥ 2
defined by 1
Jn(A) = ker{A⊗ SP n−1(A)→ SP n(A)}, n ≥ 2, (2.10)
Y n(A) = ker{A⊗ Λn−1(A)→ Λn(A)}, n ≥ 2 (2.11)
Curtis gave in [5] a decomposition of the functors Lm(A) in terms of functors SPm, Jm and
their iterates. Analogous decomposition exists also in the super-Lie case (see [3]). For a free
abelian group A, there are natural exact sequences
0→ J˜m(A)→ Lm(A)
pm
→ Jm(A)→ 0 (2.12)
0→ Y˜ m(A)→ Lms (A)
p¯m
→ Y m(A)→ 0 (2.13)
1The functors Y n(A) are the Z-forms of the Schur functors Sλ(V ) associated to the partition λ = (2, 1 . . . , 1)
of the set (n) (see [9] exercise 6.11). The functors Jn(A) and the Z- forms of the Schur functors Sµ associated
to the partition µ = (n− 1, 1) of (n), which is the conjugate partition of λ.
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where
pm : [a1, . . . , am] 7→ a1 ⊗ a2 . . . am − a2 ⊗ a1a3 . . . am,
p¯m : {a1, . . . , am} 7→ a1 ⊗ a2 ∧ a3 ∧ · · · ∧ am + a2 ⊗ a1 ∧ a3 ∧ · · · ∧ am
p¯2 : a
[2]
1 7→ a1 ⊗ a1,
p¯2m : {a1, . . . , am}
[2] 7→ 0, if m is odd
for ai ∈ A. Here J˜
m(A) and Y˜ m(A) are defined as kernels of natural projections pm and p¯m.
For low degrees the sequence (2.12) is the following:
L
2(A)
p2
≃ J2(A)
L
3(A)
p3
≃ J3(A)
0→ Λ2Λ2(A)→ L4(A)
p4
→ J4(A)→ 0
0→ Λ2(A)⊗ J3(A)→ L5(A)
p5
→ J5(A)→ 0,
where the left-hand arrows are respectively defined by
(a ∧ b) ∧ (c ∧ d) 7→ [[a, b], [c, d]]
(a ∧ b)⊗ (c, d, e) 7→ [[a, b], [c, d, e]] .
The super-analogs of Curtis decomposition can be constructed analogously (see [3]). In low
degrees the sequence (2.13) is the following:
L
2
s(A)
p¯2
≃ Y 2(A)
L
3
s(A)
p¯3
≃ Y 3(A)
0→ Λ2Y 2(A)→ L4s(A)
p¯4
→ Y 4(A)→ 0
0→ Y 2(A)⊗ Y 3(A)→ L5s(A)
p¯5
→ Y 5(A)→ 0
3. Derived functors
Let A be an abelian group, and F an endofunctor on the category of abelian groups. Recall
that for every n ≥ 0 the derived functor of F in the sense of Dold-Puppe [7] are defined by
LiF (A, n) = πi(FKP∗[n]), i ≥ 0
where P∗ → A is a projective resolution of A, and K is the Dold-Kan transform, inverse to the
Moore normalization functor
N : Simpl(Ab)→ C(Ab)
from simplicial abelian groups to chain complexes. We denote by LF (A, n) the object FK(P∗[n])
in the homotopy category of simplicial abelian groups determined by FK(P∗[n]), so that
LiF (A, n) = πi(LF (A, n)) .
We set LF (A) := LF (A, 0) and LiF (A) := LiF (A, 0) for any i ≥ 0.
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As examples of these constructions, observe that the simplicial models LF (L −→ M) of
LFA and FK((L −→M)[1]) of LF (A, 1) associated to the two-term flat resolution
0→ L
f
→M → A→ 0 (3.1)
of an abelian group A are respectively of the following form in low degrees:
F (s0(L)⊕ s1(L)⊕ s1s0(M))
∂0,∂1,∂2
−→−→−←−−
F (L⊕ s0(M))
∂0,∂1
−→−→←−
F (M) (3.2)
where the component F (M) is in degree zero, and
F (s0(L)⊕ s1(L)⊕ s2(L)⊕
s1s0(M)⊕ s2s0(M)⊕ s2s1(M))
∂0,...,∂3
−→−→−−→←−←−−
F (L⊕ s1(M)⊕ s0(M))
∂0,∂1,∂2
−→−→−→←−←−
F (M) (3.3)
where the component F (M) is in degree 1.
3.1. Homotopy operations. For a simplicial abelian group X, i, k, l, q ≥ 1, the composition
is given as a natural map
LiL
k(Z, q)⊗ πqL
l(X)→ πiL
kl(X) (3.4)
It is constructed as follows. Let α ∈ πqL
l(X). Take a map f : K(Z, q) → Ll(X) which
represents α in the homotopy group πq. This map induces the composition map
LLk(Z, q)→ L(Lk ◦ Ll)(X)→ LLkl(X)
Taking the i-th homotopy groups we obtain the map (3.4).
4. Allowable sets
The description of allowable sets is given in [11].
Let n ≥ 1, k ≥ 1. We call a sequence (i1, . . . , ik) allowable with respect to 2n if
1) i1 ≤ 2n, ij+1 ≤ 2ij for all j = 1, . . . , k − 1
2) ik is odd.
Denote the set of allowable sequences with respect to 2n of the length k byW2n,k (orW
(2)
2n,k :=
W2n,k). For k ≥ 2, define the filtration
W
(2)
2n,k =W
(2)
2n,k(1) ⊃ W
(2)
2n,k(2) ⊃ · · · ⊃ W
(2)
2n,k(k)
as follows: the subset W
(2)
2n,k(j) consists of allowable sequences (i1, . . . , ik) ∈ W
(2)
2n,k with i1 =
2n, i2 = 4n, . . . , ij−1 = 2
j−1n.
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Example.
W
(2)
2,3 (1) = {(1, 1, 1), (2, 1, 1), (2, 2, 1), (1, 2, 3), (1, 2, 1)
(2, 3, 1), (2, 2, 3), (2, 3, 3), (2, 4, 3),
(2, 3, 5), (2, 4, 5), (2, 4, 7), (2, 4, 1)}
W
(2)
2,3 (2) = {(2, 1, 1), (2, 2, 1), (2, 3, 1), (2, 2, 3), (2, 3, 3),
(2, 4, 3), (2, 3, 5), (2, 4, 5), (2, 4, 7), (2, 4, 1)}
W
(2)
2,3 (3) = {(2, 4, 1), (2, 4, 3), (2, 4, 5), (2, 4, 7)}
For w = (i1, . . . , ik) ∈ V2n,k, let o(w) be the number of odd elements in w and d(w) =
i1 + · · ·+ ik.
Let p be an odd prime. Define the set W
(p)
2n,k as follows. The set W
(p)
2n,k consists of sequences
(νi1 . . . νik) with νij equal either λij or νij = µij , and such that i1 ≤ n, ij+1 ≤ pij − 1 whenever
νij = λij and ij+1 ≤ pij, whenever νij = µij and νik = λik . For k ≥ 2, define the filtration
W
(p)
2n,k =W
(p)
2n,k(1) ⊃ W
(p)
2n,k(2) ⊃ · · · ⊃ W
(p)
2n,k(k)
as follows: the subset W
(p)
2n,k(j) consists of allowable sequences (νi1, . . . , νik) ∈ W
(p)
2n,k with νi1 =
µn, νi2 = µpn, . . . , νij−1 = µpj−1n.
Example.
W
(3)
2,2 (1) = {(λ1, λ1), (λ1, λ2), (µ1, λ1), (µ1, λ2), (µ1, λ3)}
W
(3)
2,2 (2) = {(µ1, λ1), (µ1, λ2), (µ1, λ3)}
W
(3)
4,2 (1) = {(λ1, λ1), (λ1, λ2), (µ1, λ1), (µ1, λ2), (µ1, λ3), (λ2, λ1),
(λ2, λ2), (λ2, λ3), (λ2, λ4), (λ2, λ5),
(µ2, λ1), (µ2, λ2), (µ2, λ3), (µ2, λ4), (µ2, λ5), (µ2, λ6)}
W
(3)
4,2 (2) = {(µ2, λ1), (µ2, λ2), (µ2, λ3), (µ2, λ4), (µ2, λ5), (µ2, λ6)}
For ν ∈ W
(p)
2n,k, let o(ν) be the number of entries of λij in ν and
d(ν) = (2p− 2)(i1 + · · ·+ ik)− o(ν).
4.1. We will need also the following notation. Let p be an odd prime
W˜
(p)
2n,k ⊆ W
(p)
2n,k
consists of all sequences (νi1, . . . , νik) ∈ W
(p)
2n,k such that ik >
pk−1−1
2
. For p = 2, W˜
(2)
2n,k consists
of all sequences (i1, . . . , ik) ∈ W
(2)
2n,k such that ik ≥ 2
k−1.
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5. Derived functors L∗L(Z, m)
Theorem 5.1. (Bousfield) For n > 0 and a pointed simplicial set Y , the natural map
π∗(LK(Z, 2n)⊗ Z[Y ])→ π∗L(K(Z, 2n)⊗ Z[Y ])
is a monomorphism onto a direct summand.
For the case of the k-dimensional simplicial sphere Y = Sk, one has the following:
Corollary 5.1. For n, k > 0, the k-fold suspension map
L∗L(Z, 2n)→ L∗+kL(Z, 2n+ k)
is a monomorphism onto a direct summand.
Proof of theorem 5.1. For m ≥ 1, consider the natural map of bisimplicial groups
(LK(Z, m)⊗ Z[Y ])→ L(K(Z, m)⊗ Z[Y ])
By the Eilenberg-MacLane-Cartier theorem it is enough, for the analysis of the induced map on
homotopy groups, to consider the corresponding map of diagonals of these bisimplicial groups:
. . .
−→. . .
−→←−. . .
←−
L(Z, m)3 ⊗ Z[Y ]3
−→−−→−→←−←−−
L(Z, m)2 ⊗ Z[Y ]2
−→−→−→←−←−
L(Z, m)1 ⊗ Z[Y ]1
↓ ↓ ↓
. . .
−→. . .
−→←−. . .
←−
L(K(Z, m)3 ⊗ Z[Y ]3)
−→−→−−→←−−←−
L(K(Z, m)2 ⊗ Z[Y ]2)
−→−−→←−−
L(K(Z, m)1 ⊗ Z[Y ]1)
(5.1)
Theorem 2.1 implies that the maps
L(Z, m)k ⊗ Z[Y ]k → L(K(Z, m)k ⊗ Z[Y ]k)
are monomorphisms onto direct summands, since Z[Y ]k is a free abelian group with a basis Yk.
For k ≥ 1, fix an order of elements of Yk and denote by Dk the set of all sequences
(σ1, . . . , σl), σi ∈ Yk, l ≥ 2 such that σ1 > σ2 ≤ · · · ≤ σl. Theorem 2.1 implies that
L(K(Z, m)⊗ Z[Y ]k) ≃ LK(Z, m)⊗ Z[Y ]k ⊕ L(
⊕
(σ1,...,σl)∈Dk
K(Z, m)⊗l)
For every (σ1, . . . , σl) ∈ Dk, consider the simplicial abelian subgroup
A(σ1,...,σl)(≃ K(Z, lm)) →֒ L(K(Z, m)⊗ Z[Y ]k)
generated by the element [[im⊗σ1, . . . , im⊗σl]]. There is a monomorphism which is a homotopy
equivalence
L(
⊕
(σ1,...,σl)∈Dk
A(σ1,...,σl)) →֒ L(
⊕
(σ1,...,σl)∈Dk
K(Z, m)⊗l)
Hence, there is the following monomorphism which induces a homotopy equivalence
(LK(Z, m)⊗ Z[Y ]k)⊕ L(
⊕
(σ1,...,σl)∈Dk
A(σ1,...,σl))→ L(K(Z, m)⊗ Z[Y ]k)
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Let m = 2n. Then the simplicial abelian group L(
⊕
(σ1,...,σl)∈Dk
A(σ1,...,σl)) may be viewed as
a free simplicial Lie subring in L(K(Z, m) ⊗ Z[Y ]k) generated by all products of the form
[[im ⊗ σ1, . . . , im ⊗ σl]] of weight > 1.
Remark 5.1. The suspension L∗L(Z, m) → L∗+1L(Z, m + 1) is not a monomorphism for an
odd m. For example, we have the following:
L2Λ
2(Z, 1) // L3Λ
2(Z, 2)
Z // // Z/2
Consider the simplicial circle S1 = ∆[1]/∂∆[1]:
S10 = {∗}, S
1
1 = {∗, σ}, S
1
2 = {∗, s0σ, s1σ}, . . . , S
1
n = {∗, x0, . . . , xn},
where xi = sn . . . sˆi . . . s0σ. Take the standard abelian simplicial model of K(Z, 1):
. . .
−→. . .
−→←−. . .
←−
Z⊕ Z⊕ Z
−→−−→−←−←−−
Z⊕ Z
−→−→−←−←−
Z
with free generators yi = sn . . . sˆi . . . s0(i1), i = 0, . . . , n + 1 in degree n + 1, for a generator
i1 ∈ K(Z, 1). Consider the map (5.1) between diagonals of correspondent bisimplicial groups:
. . .
−→. . .
−→←−. . .
←−
Λ2(Z⊕3)⊗ Z[∗, x0, x1, x2]
−→−→−→−←−−←−
Λ2(Z⊕ Z)⊗ Z[∗, x0, x1]
−→−→−←−−
Λ2(Z)⊗ Z[∗, σ]
↓ v3 ↓ v2 ↓ v1
. . .
−→. . .
−→←−. . .
←−
Λ2(Z⊕3 ⊗ Z[∗, x0, x1, x2])
−→−→−−→←−←−−
Λ2((Z⊕ Z)⊗ Z[∗, x0, x1])
−→−−→←−←−
Λ2(Z⊗ Z[∗, σ])
The generator of π3(Λ
2K(Z, 1)⊗ Z[S1]) = L2Λ
2(Z, 1) is given by the element
α = [s1s0(i1), s2s0(i1)]⊗ s2s1(σ)− [s1s0(i1), s2s1(i1)]⊗ s2s0(σ) + [s2s0(i1), s2s1(i1)]⊗ s1s0(σ)
Then
v3(α) = [s1s0(i1)⊗ s2s1(σ), s2s0(i1)⊗ s2s1(σ)]−
[s1s0(i1)⊗ s2s0(σ), s2s1(i1)⊗ s2s0(σ)] + [s2s0(i1)⊗ s1s0(σ), s2s1(i1)⊗ s1s0(σ)]
Theorem 5.2. (Kan) Let n ≥ 1. If r is odd, then the suspension map
L∗L
r(Z, 2n)→ L∗+1L
r(Z, 2n+ 1)
is an isomorphism. Let α2n+1 ∈ π4n+2Λ
2(Z, 2n + 1) = Z and i2n+1 ∈ K(Z, 2n + 1)2n+1 be gen-
erators, then the suspension and the composition homomorphism α2n+1 induce an isomorphism
L∗L
2r(Z, 2n)⊕ L∗+1L
r(Z, 4n+ 2) ≃ L∗+1L
2r(Z, 2n+ 1).
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5.1.
Theorem 5.3. LiL
2k(Z, 2n) is a Z/2-vector space indexed by all sequences (i1, . . . , ik) ∈ W2n,k
with i = 2n+ i1 + · · ·+ ik.
Recall the construction of basis elements of LiL
2k(Z, 2n). Consider the simplicial group
L
2k(K(Z, 2n)⊗ Z/2) ≃ (L2
k
K(Z, 2n))⊗ Z/2
For k, l, i, n ≥ 1, the composition
πi(L
k(Z, q)⊗ Z/2)⊗ πq(L
l(Z, n)⊗ Z/2)→ πi(L
kl(Z, n)⊗ Z/2)
is defined analogously with (3.4).
Proposition 5.1. Let w = (i1, . . . , ik) be the sequence with the following properties: 1) i1 ≤ 2n;
2) 2ij ≥ ij+1. For i = 1, 2, . . . let βi ∈ π2i(Λ
2K(Z, i) ⊗ Z/2) = Z/2 be a non-zero element.
Consider the following element
βw = σ
2n−i1βi1σ
2i1−i2βi2 . . . σ
2ik−1−ikβik ∈ π2n+i1+···+ik(L
2k(Z, 2n)⊗ Z/2)
The group πi(L
2k(Z, 2n) ⊗ Z/2) is a Z/2-vector space with a basis consisting of elements βw
and i = 2n+ i1 + · · ·+ ik.
It follows that the natural projection K(Z, 2n)→ K(Z, 2n)⊗Z/2 induces a monomorphism
LiL
2k(Z, 2n)→ πi(L
2k(K(Z, 2n)⊗ Z/2))
The image of this monomorphism is generated by elements βw for which ik is odd, i.e. for which
w ∈ W
(2)
2n,k.
Example 5.1.
LiL
8(Z, 2) =

Z/2⊕ Z/2, i = 6, 8, 9
Z/2, i = 5, 7, 10, 11, 12, 13, 15
0 otherwise
5.2.
Theorem 5.4. The group LiL
pk(Z, 2n) is a Z/p-vector space indexed by all sequences (νi1 , . . . , νik) ∈
W
(p)
2n,k with i = 2n+ (2p− 2)(i1 + · · ·+ ij)− |number of λi in (νi1 . . . νij )|.
The elements from the sequences considered in the theorem correspond to the following
elements in the derived functors:
µi ∈ π2pi(L
p(Z, 2i)⊗ Z/p) ≃ Z/p,
λi ∈ π2pi−1(L
p(Z, 2i)⊗ Z/p) ≃ Z/p
Theorem 5.5. (Kan) L∗L
r(Z, 2n) = 0 if r 6= pj for any prime p and j ≥ 1.
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5.3. Generating function. Since there is a general description of derived functors of Lie
functors for Z, one can define a generating function with dimensions of values derived functors
as coefficients. The following result is due to M. Tangora [15]. Let Hn be the number of
sequences of positive integers (i1, . . . , il) with i1+ · · ·+ il = n satisfying ik+1 ≤ dik and i1 ≤ m.
The function
H(q) = 1 +H1q +H2q
2 + · · ·+Hnq
n + . . .
is
H(q) =
a(q)
1− b(q)
where
a(q) =
∑
k≥0
(
qe(k)(1− qme(k))
1− qe(k)
k−1∏
j=0
−qe(j)
1− qe(k)
)
,
b(q) =
∑
k≥0
(
qe(k)
1− qe(k)
k−1∏
j=0
−qe(k)
1− qe(k)
)
,
e(k) =
dk+1 − 1
d− 1
6. Derived functors L∗Ls(Z, m)
Analog of theorems 5.2 and 5.5 is the following
Theorem 6.1. 1) L∗L
r
s(Z, 2n+ 1) = 0 if r 6= p
j for some prime p and j ≥ 1;
2) if r is odd, the suspension L∗L
r
s(Z, 2n+ 1)→ L∗+1L
r
s(Z, 2n+ 2) is an isomorphism;
3) if r is odd, there is an isomorphism
L∗+1L
2r
s (Z, 2n) ≃ L∗+1L
r
s(Z, 4n)⊕ L∗L
2r
s (Z, 2n− 1)
Analog of theorem 5.4 is the following:
Theorem 6.2. For an odd prime p, k ≥ 1, the group LiL
pk
s (Z, 2n) is a Z/p-vector space indexed
by all sequences (νi1 , . . . , νik) ∈ W˜
(p)
2n,k with i = 2n+(2p−2)(i1+· · ·+ij)−|number of λi in (νi1 . . . νij )|.
Above results show that the structures of derived functors of Lie and super-Lie functors have
similar points but they are not the same. The derived functors of L2s = Γ2 of Z are well-known
and follow from the decalage
LΓ2(Z, n)[2] ≃ LΛ
2(Z, n + 1)
In this connection the following result looks surprising:
Theorem 6.3. For k ≥ 2, n ≥ 1, one has an isomorphism
L∗L
2k(Z, n) ≃ L∗L
2k
s (Z, n)
Theorem 6.3 uses the specific structure of Lie and super-Lie functors of degrees powers of 2
and can not be generalized to odd prime powers.
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Example 6.1.
LiL
9(Z, 2) =
{
Z/3, i = 8, 9, 12, 13, 17
0 otherwise
LiL
9
s(Z, 2) =
{
Z/3, i = 4, 5, 9
0 otherwise
Generators of the 3-torsion of L∗L
9
s(Z, 2) in degrees 4, 5, 9 correspond to the elements (λ1, λ2),
(µ1, λ2), (µ1, λ3) from W˜
(3)
2,2 respectively.
7. Derived functors L∗L(Z/p
k, m)
A differential graded Lie ring with squares (shortly DGLS) is a GLRS B =
⊕∞
i=0Bi together
with homomorphisms ∂ : Bi → Bi−1, i = 1, 2, . . . such that
∂ ◦ ∂ = 0 (7.1)
∂{x, y} = {∂(x), y}+ (−1)i{x, ∂(y)}, x ∈ Bi (7.2)
∂(x[2]) = {∂(x), x}, for i odd (7.3)
The main example of DGLS is the following. Let X be a simplicial Lie ring. Define ∂ : Xn →
Xn−1 by ∂ =
∑n
i=0(−1)
i∂i, the Lie bracket
[[ , ]] : Xi ⊗Xj → Xi+j
define by
[[x, y]] =
∑
(a;b)∈(i,j)−shuffles
sign(a, b)[sa(x), sb(y)], x ∈ Xj , y ∈ Xi
and
x[2] =
∑
(a;b)∈(n,n)−shuffles
sign(a; b)[sa(x), sb(x)], x ∈ Xn, n is odd
Then X is a DGLS.
For every free abelian chain complex C = {Ci, ∂ : Ci+1 → Ci}, there exists a DGLS L(C)
and a morphism of chain complexes
C → L(C) (7.4)
such that, for any DGLS R and chain map f : C → R, there is a unique map of DGLS-s:
f¯ : L(C)→ R such that the diagram
C //
f

L(C)
f¯}}④
④
④
④
R
commutes (this is lemma 3.4 from [13]).
For k ≥ 0, denote by (n + 1, n; k) the chain complex (Z
k
→ Z)[n].
Theorem 7.1. (Leibowitz), [13] Let p be a prime, k ≥ 1, i ≥ 1, r ≥ 1. There is an
isomorphism
LiL
r(Z/pk, n) ≃ pπi(LL
r(Z[n]⊕ Z[n + 1]))⊕ pHiL
r(n+ 1, n; pk)
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Recall the main steps of the proof of theorem 7.1 from [13]. For a prime p and n ≥ 1, consider
the standard simplicial model of K(Z/pk, n):
A := N−1((Z
pk
→ Z)[n]).
Define the filtration
L
r(A) ⊃ F r ⊃ F r−1 ⊃ · · · ⊃ F 1 ⊃ F 0
where F j is the simplicial subgroup of Lr(A) generated by all basic commutators with at most
j elements which arise from the generator of degree (n + 1) of A. This filtration defines a
spectral sequence
E1i,j = πi+j(F
i/F i−1)⇒ Li+jL
r(Z/p, n). (7.5)
The following facts are proved in [13]:
1) Consider the map of DGLS-s:
Lr(n + 1, n; pk)→ Lr(A) (7.6)
induced by
yn 7→ xn
yn+1 7→ xn+1
where (yn, yn+1) are generators of dimensions n and n + 1 of (n + 1, n; p
k) and (xn, xn+1) are
generators of dimensions n and n+ 1 of K(Z/pk, n).
There is an isomorphism
E2i,rn = Hi+rnL
r(n + 1, n; pk);
2) for j > rn, E1i,j = 0;
3) For j 6= rn, E2i,j = E
1
i,j;
4) E∞i,j = (p)E
2
i,j , where (p)E
2
i,j is the p-primary component of E
2
i,j.
4)
∑r
j=0, j 6=i−rn (p)E
2
j,i−j = pπi(K(Z, n)⊕K(Z, n + 1))
Theorem 7.1 follows from these facts regarding the spectral sequence (7.5).
Recall other results from [13], which we will use bellow.
Proposition 7.1. ([13], Prop. 4.5)
HkL
r(n+ 1, n; pf) = (Z/pf+1)⊕dk ⊕ (Z/pf)⊕(Mk−dk)
where
Mk = pRank BkL
r(n+ 1, n; 1)
dk = pRank HkL
r(n+ 1, n; 1)
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The numbers from proposition 7.1 can be computed by the following formulas:
Rank BkL
r(n+ 1, n; 1) = Rank Lrk(n + 1, n; 1)− Rank Bk−1L
r(n+ 1, n; 1) (7.7)
Rank Lrk(1, 0; 1) = M(k, r − k) if r is odd or if r is even and k ≡ 0 mod 4 (7.8)
Rank Lrk(1, 0; 1) = M(k, r − k) +Rank L
r/2
k/2(1, 0; 1) if r is even and k ≡ 2 mod 4 (7.9)
Rank Lrk+r(2, 1; 1) = M(k, r − k) if r is odd or if r is even and k + r 6= 2 mod 4 (7.10)
Rank Lrk+r(2, 1; 1) = M(k, r − k) +Rank L
r/2
k+r
2
(2, 1; 1) if r is even and k + r ≡ 2 mod 4
(7.11)
Proposition 7.2. ([13], Prop. 4.7) For n ≥ 0, f ≥ 0, there are isomorphisms
H∗L
r(1, 0; pf)→ H∗+rnL
r(n + 1, n; pf) if n is even
H∗L
r(2, 1; pf)→ H∗+r(n−1)L
r(n+ 1, n; pf) if n is odd
Example. We collect the low-dimensional derived functors for A = Z/k in the following table:
i LiL
2(A) LiL
3(A) LiL
4(A) LiL
5(A) LiL
6(A) LiL
7(A)
6 0 0 0 0 0 0
5 0 0 0 0 Z/(3, k) Z/k
4 0 0 0 0 Z/(3k, k2) (Z/k)⊕2
3 0 0 Z/(2, k) Z/k Z/(2, k)⊕ Z/k (Z/k)⊕3
2 0 0 Z/(2k, k2) Z/k Z/(2k, k2)⊕ Z/k⊕2 (Z/k)⊕2
1 Z/k Z/k Z/k Z/k Z/k Z/k
(7.12)
Table 1. Values of derived functors LiL
m(Z/k)
Observe that, for a prime p, one has
LiL
p(Z/k) = Z/k⊕
∑i
j=1(−1)
i−j 1
p(
p
j)
7.1. Functorial generalization. For k ≥ 2, recall that we denote by Jk the set of basic tensor
products of weight k in A and B. Set
Jk = J
e
k ⊔ J
o
k = J¯
e
k ⊔ J¯
o
k
where
Jek is the set of basic products from Jk with even number of entrances of A
Jok is the set of basic products from Jk with odd number of entrances of A
J¯ek is the set of basic products from Jk with even number of entrances of B
J¯ok is the set of basic products from Jk with odd number of entrances of B
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The structure of the graded components of DGLS L(B
f
→ A) is the following:
Lm(B
f
→ A)l =
⊕
d|m, d|l
 ⊕
D∈J¯e
(m−l)/d,l/d
L
d(D)⊕
⊕
D∈J¯o
(m−l)/d,l/d
L
d
s(D)

The structure of the DGLS L(C[1]) for the shifted complex C = (B
f
→ A) is the following
Lm((B
f
→ A)[1])l+m =
⊕
d|m, d|l
 ⊕
D∈Je
l/d,(m−l)/d
L
d(D)⊕
⊕
D∈Jo
l/d,(m−l)/d
L
d
s(D)

The following proposition follows immediately from the construction of DGLS L(C):
Proposition 7.3. For n ≥ 1, m ≥ 2, one has natural isomorphisms of chain complexes
Lm((B
f
→ A)[2n])) ≃ Lm(B
f
→ A)[2nm]
Lm((B
f
→ A)[2n+ 1])) ≃ Lm((B
f
→ A)[1])[2nm]
Observe that proposition 7.2 is a simple consequence of proposition 7.3.
Example 7.1.
Consider the simplest example of DGLS L(C). Let C = {B
f
−→ A}, i.e. we set the abelian
group A in degree 0 and the abelian group B in degree 1. The DGLS L(C) is a graded object,
with the following terms in low dimensions:
L
2(C) : Γ2(B)→ A⊗B → Λ
2(A)
This is quadratic Koszul complex associated to C. The cubical term is
L
3(C) : L3s(B)→ B ⊗A⊗B
δ
→ B ⊗A⊗ A→ L3(A)
where
δ : b1 ⊗ a⊗ b2 7→ b1 ⊗ a⊗ f(b2) + b2 ⊗ f(b1)⊗ a− b1 ⊗ f(b2)⊗ a, b1, b2 ∈ B, a ∈ A. (7.13)
The fourth degree component of L(C) has the following structure:
L
4(C) : L4s(B)→ B ⊗ A⊗B ⊗B
δ2→ B ⊗A⊗A⊗B ⊕ Γ2(B ⊗A)
δ1→
B ⊗ A⊗ A⊗ A→ L4(A) (7.14)
where
δ2 : b1 ⊗ a⊗ b2 ⊗ b3 7→ b2 ⊗ a⊗ f(b1)⊗ b3 − b2 ⊗ f(b1)⊗ a⊗ b3 − b1 ⊗ a⊗ f(b2)⊗ b3+
b1 ⊗ a⊗ f(b3)⊗ b2 + (b2 ⊗ f(b3))(b1 ⊗ a)
δ1 : b1 ⊗ a1 ⊗ a2 ⊗ b2 7→ b2 ⊗ a2 ⊗ f(b1)⊗ a1 − b2 ⊗ a2 ⊗ a1 ⊗ f(b1)− b2 ⊗ f(b1)⊗ a1 ⊗ a2+
+ b2 ⊗ a1 ⊗ f(b1)⊗ a2 − b1 ⊗ a1 ⊗ a2 ⊗ f(b2)
δ1 : γ2(b⊗ a) 7→ b⊗ a⊗ f(b)⊗ a− b⊗ f(b)⊗ a⊗ a
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with b, b1, b2, b3 ∈ B, a, a1, a2 ∈ A. For example, one has
L
2(Z
k
→ Z) = (Z
k
→ Z)[1]
L
3(Z
k
→ Z) = (Z
k
→ Z)[1]
L
4(Z
k
→ Z) = (Z
(0,2k)
→ Z⊕ Z
(k,0)
→ Z)[1]
Example 7.2.
Now consider the low-dimensional terms of DGLS L(C[1]) where C = {B
f
−→ A}. The
quadratic term is the following:
L
2(C[1]) : (Λ2(B)→ B ⊗A→ Γ2(A))[2]
This is the shifted quadratic dual de Rham complex associated to C. The cubical term is the
following:
L
3(C[1]) : (L3(B)→ B ⊗ A⊗B
δ′
→ B ⊗A⊗A→ L3s(A))[3]
where
δ′ : b1 ⊗ a⊗ b2 7→ b2 ⊗ a⊗ f(b1) + b2 ⊗ f(b1)⊗ a+ b1 ⊗ a⊗ f(b2), a ∈ A, b1, b2 ∈ B
(compare with map δ in (7.13)). For example, one has
L2((Z
k
→ Z)[1]) = (Z
2k
→ Z)[2]
L3((Z
k
→ Z)[1]) = (Z
3k
→ Z)[3]
Observe that, given a two-step complex of free abelian groups C = (B
f
→ A) and n ≥ 0, we
have a natural (in the category of flat resolutions of abelian groups) map of DGLS-s
L((C)[n])→ L(N−1(C[n]))
which generalizes the map (7.6). For a fixed m ≥ 2, the map
L
m(C)→ Lm(N−1(C))
goes through the cross-effect sequence in the following way:
L
m(C)l+1 //


L
m(C)l


// . . . // Lm(C)0
L
m(B| . . . |B︸ ︷︷ ︸
l terms
)⊕ Lm(A|B| . . . |B︸ ︷︷ ︸
l+1 terms
) //


L
m(B| . . . |B︸ ︷︷ ︸
l−1 terms
)⊕ Lm(A|B| . . . |B︸ ︷︷ ︸
l terms
) //


. . . // Lm(A)
L
m(N−1(C))l+1 // L
m(N−1(C))l // . . . // L
m(N−1(C))0
(7.15)
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For m = 2 this diagram has the following form:
Γ2(B) //


B ⊗ A


// Λ2(A)
B ⊗ B //


Λ2(B)⊕ B ⊗ A //


Λ2(A)
Λ2(A⊕ B ⊕ B) // Λ2(A⊕B) // Λ2(A)
(7.16)
Computing the cokernels in the upper part of diagram (7.16) we obtain the following diagram
with exact rows and columns:
Γ2(B) //


B ⊗ A


// Λ2(A)
B ⊗ B //

Λ2(B)⊕ B ⊗ A //

Λ2(A)
Λ2(B) Λ2(B)
(7.17)
which shows that the natural map
Λ2(B → A)→ Λ2(N−1(B → A))
is a homotopy equivalence. The following proposition shows that this happens for all prime
degrees.
Proposition 7.4. For a prime p, the map
L
p(B
f
−→ A)→ Lp(N−1(B
f
−→ A))
is a homotopy equivalence.
Corollary 7.1. For a prime p, abelian group A and a flat resolution 0 → P → Q → A → 0,
the truncated complex Lp(P → Q)
Q⊗ P⊕p−1 → · · · →
⊕
Jl,p−l
P⊗p−l ⊗Q⊗l → · · · → P ⊗Q⊗p−1 → Lp(Q)
represents the object LLp(A) in the derived category.
Clearly, proposition 7.4 works only for prime degrees. For example, for the fourth degree,
the natural map
L4(B
f
−→ A)→ L4(N−1(B
f
−→ A))
is not a homotopy equivalence, in general.
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Now consider the case of a shifted complex C[1] with C = (B
f
→ A). The super-analog of
the diagram (7.15) is the following diagram
L
m(C[1])l+m+1 //


L
m(C[1])l+m


// . . . // Lm(C[1])m
L
m
s (B| . . . |B︸ ︷︷ ︸
l terms
)⊕ Lms (A|B| . . . |B︸ ︷︷ ︸
l+1 terms
) //


L
m
s (B| . . . |B︸ ︷︷ ︸
l−1 terms
)⊕ Lms (A|B| . . . |B︸ ︷︷ ︸
l terms
) //


. . . // Lms (A)
L
m
s (N
−1(C))l+1 // L
m
s (N
−1(C))l // . . . // L
m
s (N
−1(C))0
For m = 2 this diagram has the following form:
Λ2(B) //


B ⊗ A


// Γ2(A)
B ⊗ B //


Γ2(B)⊕B ⊗A //


Γ2(A)
Γ2(A⊕B ⊕B) // Γ2(A⊕ B) // Γ2(A)
(7.18)
There is no an analog of proposition 7.4 in the shifted case. Observe that the upper map of
complexes in (7.18) is not a homotopy equivalence.
7.2. Spectral sequence. Now consider the functorial generalization of the spectral sequence
(7.5). Let C = {B
f
→ A} be a complex of length two with free abelian groups A and B. Let
m ≥ 2, n ≥ 0. Consider the standard model for LLm(C[n]):
L
m(N−1(C[n])) : . . .Lm(B⊕n+2 ⊕A⊕(
n+2
2 ))
−→. . .
−→←−. . .
←−
L
m(B ⊕A⊕n+1)
−→. . .
−→←−. . .
←−
L
m(A)
Define the natural simplicial filtration
L
m(N−1(C[n])) = Im ⊃ Im−1 ⊃ · · · ⊃ I0 ⊃ I−1 = {1} (7.19)
where Ij is the simplicial subgroup of L
m(N−1(C[n])) generated at each dimension by basic
commutators with at most j elements which arise from B. For example, for n = 0,
I0 : . . . L
m(A)
−→−−→←−−
L
m(A)−→−→←− L
m(A)
and
I1 : . . . (B ⊕ B)⊗A
⊗m−1 ⊕ Lm(A)
−→−→−←−−
B ⊗ A⊗m−1 ⊕ Lm(A)−→−→←− L
m(A)
This filtration gives rise to the spectral sequence
E1i,j(C[n]) = πi+j(Ii/Ii−1)⇒ πi+jLL
m(C[n]) (7.20)
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with differentials
dki,j : E
k
i,j → E
k
i−k,j+k−1
Observe that, the general E1-term can be described as follows:
E1mn+m−l,j−mn−m+l(C[n]) =
⊕
d|m, d|l
⊕
D∈J l
d
,m−l
d
LjL
d(D,
mn+m− n
d
) (7.21)
In particular,
E1mn+i,0(C[n]) = L
m(C[n])i, i ≥ 0
As an example, consider initial terms of the spectral sequence for the fourth degree Lie functor.
The spectral sequence for LL4(C) has the following form:
L4(A) A⊗ B⊗3
d11,0oo A⊗ B ⊗ B ⊗ A⊕ Γ2(A⊗ B)
d12,0oo B ⊗A⊗3
d13,0oo L4s(B)
d14,0oo
Γ2(B)⊗ Z/2
d24,−1
kk❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳
where the dash arrow is defined on homology. The E1-term of the spectral sequence for
LL4(C[1]) has the following form:
q E14,q E
1
5,q E
1
6,q E
1
7,q E
1
8,q
0 L4s(A) A
⊗3 ⊗ B A⊗ B⊗2 ⊗A⊕ Γ2(A⊗B) A⊗B
⊗3 L4(B)
-1 Γ2(A)⊗ Z/2 0 0 0 Γ2(B)⊗ Z/2
-2 0 0 A⊗ B ⊗ Z/2 0 0
-3 0 0 0 0 Γ2(B)⊗ Z/2
-4 0 0 0 0 B ⊗ Z/2
Table 2. The E1-term of the spectral sequence for L4((B → A)[1])
7.3. De´calage. Proposition 7.4 implies that, for an exact sequence of free abelian groups
0→ P → Q→ A→ 0,
there is a natural long exact sequence
0→ Lps(P )→ Q⊗ P
⊕p−1 → · · · →
⊕
Jl,p−l
P⊗p−l ⊗Q⊗l →
· · · → P ⊗Q⊗p−1 → Lp(Q)→ Lp(A)→ 0 (7.22)
Given a complex B of free abelian groups, we have a natural short exact sequence
0→ B → C(B)→ B[1]→ 0
where C(B) is the cone of B, which is contractible. Applying the sequence (7.22) to the cone
sequence of an arbitrary element of the derived category DAb≤0, we obtain the following
Theorem 7.2. For a prime p and C ∈ DAb≤0, there is a natural isomorphism in the derived
category
LLp(C[1]) ≃ LLps(C)[p].
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8. The super-analog of Leibowitz spectral sequence
Now consider the super-analog of the spectral sequence (7.20). Let C = {B
f
→ A} be a
complex of length two with free abelian groups A and B. Let m ≥ 2, n ≥ 0. Consider the
standard model for LLms (C[n]):
L
m
s (N
−1(C[n])) : . . .Lms (B
⊕n+2 ⊕A⊕(
n+2
2 ))
−→. . .
−→←−. . .
←−
L
m
s (B ⊕A
⊕n+1)
−→. . .
−→←−. . .
←−
L
m
s (A)
Define the natural simplicial filtration
L
m
s (N
−1(C[n])) = I¯m ⊃ I¯m−1 ⊃ · · · ⊃ I¯0 ⊃ I¯−1 = {1}
where I¯j is the simplicial subgroup of L
m
s (N
−1(C[n])) generated at each dimension by basic
commutators with at most j elements which arise from B together with elements of the type
x[2], if m ≡ 2 mod 4 and x is a basic commutator of length m/2 with at most j/2 elements
which arise from B. For example, for n = 0,
I¯0 : . . . L
m
s (A)
−→−−→←−−
L
m
s (A)
−→−→←− L
m
s (A)
and
I¯1 : . . . (B ⊕ B)⊗A
⊗m−1 ⊕ Lms (A)
−→−−→←−←−
B ⊗ A⊗m−1 ⊕ Lms (A)
−→−→←− L
m
s (A)
This filtration gives rise to the spectral sequence
E¯1i,j(C[n]) = πi+j(I¯i/I¯i−1)⇒ πi+jLL
m
s (C[n])
with differentials
dki,j : E¯
k
i,j → E¯
k
i−k,j+k−1
A natural analog of the formula (7.21) for the E1-term is the following:
E¯1mn+m−l,j−mn−m+l(C[n]) =
⊕
d|m, d|l
⊕
D∈J l
d
,m−l
d
LjL
d
s(D,
mn+m− n
d
) (8.1)
Example. Consider, for example, the spectral sequence for the third super-Lie functor L3s:
L3s(A) A⊗B ⊗A
d11,0oo A⊗ B ⊗ B
d12,0oo L3(B)
d13,0oo
B ⊗ Z/3
d23,−1
kk❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱
One can compare the spectral sequence for L3 and L3s applied for the complex Z
3
→ Z:
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j = 0 0 Z
3
← Z 0
j = −1 0 0 0 0
j = 0 0 Z
9
← Z 0
j = −1 0 0 0 Z/3
Table 3. The E1-term of spectral sequences for LL3(Z/3) and LL3s(Z/3)
In particular, one has the following values of the derived functors:
LiL
3(Z/3) =
{
Z/3, i = 1
0, i 6= 1
LiL
3
s(Z/3) =

Z/9, i = 1
Z/3, i = 2
0, i 6= 1, 2
Here is an example of the initial terms of the spectral sequence for the case L3s(C[1]):
q E13,q E
1
4,q E
1
5,q E
1
6,q
0 L3(A) A⊗A⊗B A⊗B ⊗B L3s(B)
-1 A⊗ Z/3 0 0 0
-2 0 0 0 0
-3 0 0 0 B ⊗ Z/3
Table 4. The E1-term of the spectral sequence for L3s((B → A)[1])
Now we can formulate the super-analog of theorem 7.1.
Theorem 8.1. Let A = Z/pk, then
LiL
m
s (A, n) ≃ pπi(L
m
s (Z[n]⊕ Z[n + 1]))⊕ pHi+mL
m(n+ 2, n+ 1; pk)
In particular, for A = Z/pk, one has an isomorphism
LiL
m
s (A) ≃ pπi(L
m
s (Z⊕ Z[1]))⊕ pHi+mL
m(2, 1; pk)
Example. Analogously to table (7.12) we will collect the low-dimensional derived functors for
A = Z/k in the following table:
i LiL
2
s(A) LiL
3
s(A) LiL
4
s(A) LiL
5
s(A) LiL
6
s(A) LiL
7
s(A)
6 0 0 0 0 0 Z/(7, k)
5 0 0 0 0 Z/(3, k) Z/(7k, k2)
4 0 0 0 Z/(5, k) Z/k (Z/k)⊕2
3 0 0 Z/(2, k) Z/(5k, k2) Z/k⊕2 (Z/k)⊕3
2 0 Z/(3, k) Z/(2k, k2) Z/k Z/(2, k)⊕ Z/k⊕2 (Z/k)⊕2
1 Z/(2, k) Z/(3k, k2) Z/k Z/k Z/(2, k)⊕ Z/k Z/k
0 Z/(2k, k2) 0 0 0 0 0
Table 5. Values of derived functors LiL
m
s (Z/k)
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9. New functors and Main Conjecture
9.1. Hierarchies of special functors. For a prime p and n ≥ 2, define the functors
N
n;p
s (A) := ker{L
n(A
∼
→ A)n−1 ⊗ Z/p→ L
n(A
∼
→ A)n−2 ⊗ Z/p} (9.1)
N
n;p(A) := ker{Ln((A
∼
→ A)[1])2n−1 ⊗ Z/p→ L
n((A
∼
→ A)[1])2n−2 ⊗ Z/p} (9.2)
It follows from definition that, for every abelian group A, there are natural monomorphisms
N
n;p(A) →֒ ⊗n(A)⊗ Z/p
N
n;p
s (A) →֒ ⊗
n(A)⊗ Z/p
For a free abelian group A, the spectral sequence (7.20) for C = {A
∼
→ A} implies that there
is a natural isomorphism
Ln−1L
n(A, 2) ≃ Hn−2L
n(C)
The Ku¨nneth formula implies that there is the following natural exact sequence:
0→ Ln(A)⊗ Z/p→ Nn;p(A)→ Tor(Ln−1L
n(A, 2),Z/p)→ 0 (9.3)
Its super-analog has the following form:
0→ Lns (A)⊗ Z/p→ N
n;p
s (A)→ Tor(Ln−1L
n(A, 1),Z/p)→ 0
The sequence (9.3) splits as a sequence of abelian groups, however, for every n, such that the
Tor-term in (9.3) is not zero, the sequence (9.3) does not split as a sequence of functors. This
follows from the fact that the functor
A 7→ Ln−1L
n(A, 2)
is of degree less than n, however, for every functor F of degree less than n, any natural trans-
formation F (A)→ ⊗n(A)⊗Z/p is zero. For any prime p and k ≥ 1, there are chains of natural
epimorphisms
N
kpi;p
։ . . .Nkp;p ։ Nk;p
which split abstractly, but not naturally, moreover, every natural transformation of the type
Nk;p → Nkp;p is the zero map (the same is true for the functors Nkp
i;p
s ). This is the reason why
we call such chains of functors by hierarchies. For example, for n = p, p2, p3, p4, the sequences
(9.3) can be found in the following diagram of exact sequences which split abstractly but not
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naturally:
L
p4(A)⊗ Z/p


Np
4;p(A)

Lp
2
(A)⊗ Z/p


Lp
3
(A)⊗ Z/p // // Np
3;p(A) // // Np
2;p(A)

Lp(A)⊗ Z/p // // Np;p(A) // // A⊗ Z/p
The spectral sequence (7.20) implies that, for a free abelian group A, there are natural
isomorphisms
N
n,p(A) ≃ π2n
(
LLn(A, 2)
L
⊗ Z/p
)
(9.4)
N
n,p
s (A) ≃ πn
(
LLn(A, 1)
L
⊗ Z/p
)
(9.5)
For p = 2 the functor N2;2(A) is exactly Γ2(A)⊗ Z/2, there is the following sequence
0→ Λ2(A)⊗ Z/2→ Γ2(A)⊗ Z/2→ A⊗ Z/2→ 0
The description of cross-effects of the functors Nn;p, Nn;ps follows directly from the description
of cross-effects of the Lie and super-Lie functors (see (2.8) and (2.9)). For free abelian A,B
one has the following
N
m;p(A⊕B) =
⊕
d|m, 1≤d≤m
⊕
C∈Jm/d
N
d;p(C)
and
N
m;p
s (A⊕ B) =
⊕
d|m, 1≤d≤m
m/d odd
⊕
C∈Jm/d
N
d;p
s (C)⊕
⊕
d|m, 1≤d<m
m/d even
⊕
C∈Jm/d
N
d;p(C)
9.2. Construction of E-complexes. For n, k ≥ 1, a prime p, we will use the following nota-
tion:
W
(p)
n,k :=
{
W
(p)
n,k(1) \W
(p)
n,k(2), if n is even
W
(p)
n−1,k, if n is odd
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For C ∈ DAb, define the following objects of DAb (n ≥ 0)
E
m(C, 2n) := LLm(C)[2mn]⊕
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
2nm
pi
,i
LN
m
pi
;p
(C)[
2nm
pi
+ d(w)]
E
m(C, 2n+ 1) := LLms (C)[(2n+ 1)m]⊕⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
(2n+1)m
pi
,i
LN
m
pi
;p
s (C)[
(2n+ 1)m
pi
+ d(w)]
and their super-analogs (n ≥ 1)
E˜
m(C, 2n− 1) := LLm(C)[(2n− 1)m]⊕
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w=(w1,...,wi)∈W
(p)
2nm
pi
,i
wi>u(p;k)
LN
m
pi
;p
(C)[
2nm
pi
+ d(w)−m]
E˜
m(C, 2n) := LLms (C)[2nm]⊕⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w=(w1,...,wi)∈W
(p)
(2n+1)m
pi
,i
wi>u(p;k)
LN
m
pi
;p
s (C)[
(2n+ 1)m
pi
+ d(w)−m]
where
u(p, k) :=
{
pk−1−1
2
, if p is odd
2k−1, if p = 2
Main Conjecture. For n,m, i ≥ 1, C ∈ DAb, there are natural isomorphisms
πi(LL
m(C[n])) ≃ πi(E
m(C, n)) (9.6)
πi(LL
m
s (C[n])) ≃ πi(E˜
m(C, n)). (9.7)
Here are the simplest examples of E-complexes in low degrees:
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Examples. For m = 2, n ≥ 1, one has
E
2(C, 2n) = LΛ2(C)[4n]⊕
n⊕
i=1
C
L
⊗ Z/2[2n+ 2i− 1]
E
2(C, 2n+ 1) = LΓ2(C)[4n+ 2]⊕
n⊕
i=1
C
L
⊗ Z/2[2n+ 2i]
E˜
2(C, 2n) = LΓ2(C)[4n]⊕
n⊕
i=1
C
L
⊗ Z/2[2n+ 2i− 2]
E˜
2(C, 2n+ 1) = LΛ2(C)[4n+ 2]⊕
n+1⊕
i=1
C
L
⊗ Z/2[2n+ 2i− 1]
For m = 3, n ≥ 1, one has
E
3(C, 2n) = LL3(C)[6n]⊕
n⊕
i=1
C
L
⊗ Z/3[2n+ 4i− 1]
E
3(C, 2n+ 1) = LL3s(C)[6n+ 3]⊕
n⊕
i=1
C
L
⊗ Z/3[2n + 4i]
E˜
3(C, 2n) = LL3s(C)[6n]⊕
n⊕
i=1
C
L
⊗ Z/3[2n+ 4i− 3]
E˜
3(C, 2n+ 1) = LL3(C)[6n+ 3]⊕
n+1⊕
i=1
C
L
⊗ Z/3[2n + 4i− 2]
10. The abstract isomorphism
Proposition 10.1. For all n, l ≥ 1, there is a homotopy equivalence
LLm(Z, l) ∼ En(Z, l).
Proof. The description of derived functors from 5.1 and (9.4), (9.5) imply that
LNm;p(Z) ≃
{
Z/p, if m = pt, t ≥ 0
0 otherwise
(10.1)
and
LNm;ps (Z) ≃
{
Z/p, if m = 2pt, t ≥ 0 or m = 1
0 otherwise
(10.2)
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The description (10.1) implies that, if m is not a power of prime, then Em(Z, 2n) ≃ 0, n ≥ 1.
If m is a power of prime m = pk, then⊕
i=1,...,k
w∈W 2nm
pi
,i
LN
m
pi (Z)[
2nm
pi
+ d(w)] ≃
⊕
i=1,...,k
w∈W
(p)
2nm
pk
,k
(i)\W
(p)
2nm
pk
,k
(i+1)
LN
m
pk−i+1
;p
(Z)[2n+ d(w)]
≃
⊕
w∈W
(p)
2n,k
Z/p [2n+ d(w)] (10.3)
and we have the needed statement for all even l. For l = 2n + 1, n ≥ 0, we have
E
2(Z, 2n+ 1) ≃ Z[4n+ 2]⊕
n⊕
i=1
Z/2 [2n+ 2i] ≃ LL2(Z, 2n+ 1)
The description (10.2) implies that Em(Z, 2n + 1) ≃ 0 if m is neither a power of prime nor a
double power of prime. Now assume that m = pk for an odd prime. In this case, (10.2) implies
that
E
m(Z, 2n+ 1) ≃
⊕
w∈W
(p)
2n+1,k
Z/p[2n+ 1 + d(w)] ≃
⊕
w∈W
(p)
2n,k
Z/p[2n+ d(w) + 1] ≃ LLm(Z, 2n + 1)
Now consider the case m = 2pk for an odd p. In this case
E
2pk(Z, 2n+ 1) ≃
⊕
i=1,...,k
w∈W
2(2n+1)pk−i,i
Z/p[(2n+ 2)pk−i + d(w)] ≃
⊕
w∈W
(p)
4n+2,k
Z/p[4n+ 2 + d(w)] ≃ LL2p
k
(Z, 2n+ 1)
It remains to consider the case m = 2k, k > 1. In this case,
E
2k(Z, 2n+ 1) ≃
⊕
w∈W
(2)
2n+1,k
Z/2[2n + 1 + d(w)]⊕
⊕
i=1,...,k−1
w∈W
2(2n+1)2k−i,i
Z/2[4n+ 2 + d(w)] ≃
LL2
k
(Z, 2n)[1]⊕ LL2
k−1
(Z, 4n+ 2) ≃ LL2
k
(Z, 2n+ 1)
The statement is proved. 
Proposition 10.2. Let C ∈ DAb and homology of C are torsion-free. For all n,m ≥ 1, there
is a homotopy equivalence
LLn(C[m]) ∼ Bn(C,m)
Proof. Let A,B ∈ DAb. Suppose that we are given the homotopy equivalences
LLd(C[2n]) ∼ Ed(C, 2n) (10.4)
for all d < m and all C ∈ DAb with torsion-free homology and
LLm(A[2n]) ∼ Em(A, 2n) (10.5)
LLm(B[2n]) ∼ Em(B, 2n) (10.6)
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It follows that
LLm(A⊕B[2n]) =
⊕
d|m, 1≤d≤m
C∈Jm/d
LLd(C[
2nm
d
]) = (10.7)
LLm(A[2n])⊕ LLm(B[2n])⊕
⊕
d|m, 1≤d<m
C∈Jm/d
LLd(C[
2nm
d
]) ∼ (10.8)
E
m(A, 2n)⊕ Em(B, 2n)⊕
⊕
d|m, 1≤d<m
C∈Jm/d
E
d(C,
2nm
d
) ∼ (10.9)
E
m(A, 2n)⊕ Em(B, 2n)⊕
⊕
d|m, d<m, C∈Jm/d
LLd(C)[2nm]⊕ (10.10)
⊕
d|m, d<m, pk|d
C∈Jm/d, p
k+1∤d
⊕
i=1,...,k
w∈W
(p)
2nm
pi
,i
LN
d
pi
;p
(C)[
2nm
pk
+ d(w)] (10.11)
where each C ∈ Jm/d is a basic tensor product Ai1
L
⊗ . . .
L
⊗ Aim/d , with Aij ∈ {A,B}. From the
other hand,
E
m(A⊕ B, 2n) : = Em(A, 2n)⊕ Em(B, 2n)⊕
⊕
d|m, d<m, C∈Jm/d
LLd(C)[2nm]⊕ (10.12)
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
2nm
pi
,i
⊕
s|m
pi
C∈J m
spi
LNs;p(C)[
2nm
pk
+ d(w)] (10.13)
We will show that the terms (10.11) and (10.13) are the same. Observe that (10.11) and (10.13)
are direct sums of the shifted terms like
Rs,t(C) := LN
s;p(C), C ∈ Jt
for s, t such that s, t|m, m/st is a power of p. The contributions of the term Rs,t(C), C ∈ Jt
in (10.11) and (10.13) are the same, namely⊕
w∈W
(p)
2nst,logp
m
st
Rs,t(C)[2nst+ d(w)].
Hence, the conditions (10.4),(10.5) and (10.6) imply that
LLm(A⊕ B[2n]) ∼ Em(A⊕ B, 2m).
Now consider the odd dimensions. Suppose that we have the conditions
LLd(C[2n+ 1]) ∼ Ed(C, 2n+ 1) (10.14)
for all d < m and arbitrary complexes C and
LLm(A[2n+ 1]) ∼ Em(A, 2n+ 1) (10.15)
LLm(B[2n+ 1]) ∼ Em(B, 2n+ 1) (10.16)
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We have
LLm(A⊕ B[2n+ 1]) = LLm(A[2n + 1])⊕ LLm(B[2n + 1])⊕ (10.17)⊕
d|m, 1≤d<m
C∈Jm/d
LLd(C[
(2n+ 1)m
d
]) ∼ (10.18)
E
m(A, 2n+ 1)⊕ Em(B, 2n+ 1)⊕
⊕
d|m, 1≤d<m
C∈Jm/d
E
d(C,
(2n+ 1)m
d
) ∼ (10.19)
E
m(A, 2n+ 1)⊕ Em(B, 2n+ 1)⊕
⊕
d|m, 1≤d<m
C∈Jm/d
L
d(C)[(2n+ 1)m]⊕ (10.20)
⊕
d|m, m/d even, pk|d
C∈Jm/d, p
k+1∤d
⊕
i=1,...,k
w∈W
(p)
(2n+1)m
pi
,i
LN
d
pi
;p
(C)[
(2n+ 1)m
pi
+ d(w)]⊕ (10.21)
⊕
d|m, m/d odd, pk|d
C∈Jm/d, p
k+1∤d
⊕
i=1,...,k
w∈W
(p)
(2n+1)m
pi
,i
LN
d
pi
;p
s (C)[
(2n+ 1)m
pi
+ d(w)] (10.22)
where each C ∈ Jm/d is a basic tensor product Ai1
L
⊗ . . .
L
⊗ Aim/d , with Aij ∈ {A,B}. From the
other hand,
E
m(A⊕ B, 2n+ 1) : = Em(A, 2n+ 1)⊕ Em(B, 2n+ 1)⊕
⊕
d|m, d<m, C∈Jm/d
LLd(C)[(2n+ 1)m]⊕
(10.23)⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
(2n+1)m
pi
,i
(
⊕
s|m
pi
, m
spi
even
C∈J m
spi
LNs;p(C)[
(2n+ 1)m
pi
+ d(w)]⊕ (10.24)
⊕
s|m
pi
, m
spi
odd
C∈J m
spi
LNs;ps (C)[
(2n+ 1)m
pi
+ d(w)]) (10.25)
Consider the contribution of the terms like
Rs,t(C) := LN
s;p(C), R′s,t(C) := LN
s;2
s (C), C ∈ Jt
in (10.22), (10.24), (10.25), for s, t such that s, t|m, m/st is a power of p. For an even t, the
contributions of the term Rs,t(C), C ∈ Jt in (10.22) and (10.24) are the same, namely⊕
w∈W
(p)
(2n+1)st,logp
m
st
Rs,t(C)[(2n+ 1)st+ d(w)]
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For an odd t, the contributions of the term R′s,t(C), C ∈ Jt in (10.22) and (10.24) are the same
as well, namely ⊕
w∈W
(p)
(2n+1)st,logp
m
st
R′s,t(C)[(2n+ 1)st+ d(w)]
This comparison shows that there is a homotopy equivalence
L
m(A⊕B[2n + 1]) ∼ Em(A⊕B, 2n+ 1).
Since any element of DAb is homotopy equivalent to a direct sum of elements like Z[l] for
different l, the statement follows from proposition 10.1. 
Proposition 10.3. Let m,n, l ≥ 1, p a prime. There is a homotopy equivalence
E
m(Z/pl, n) ∼ LLm(Z/pl, n).
Proof. Observe that, for all s ≥ 1, there are homotopy equivalences
LNs;p(Z/pl) ∼ LNs;p(Z⊕ Z[1]).
LNs;ps (Z/p
l) ∼ LNs;ps (Z⊕ Z[1]).
We have
E
m(Z/pl, 2n) =LLm(Z/pl)[2nm]
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
W
(p)
2nm
pi
,i
LN
m
pi
;p
(Z/pl)[
2nm
pi
+ d(w)] ∼
LLm(Z/pl)[2nm]
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
W
(p)
2nm
pi
,i
LN
m
pi
;p
(Z⊕ Z[1])[
2nm
pi
+ d(w)]
We have
πi(LL
m(Z/pl)[2mn]) = pπi(LL
m(Z⊕ Z[1])[2mn])⊕ pHi−2mnL
m(1, 0; pl) =
pπi(LL
m(Z⊕ Z[1])[2mn])⊕ pHiL
m(2n+ 1, 2n; pl) (10.26)
by proposition 7.2. Since
E
m(Z⊕ Z[1], 2n) ∼ LLm((Z⊕ Z[1])[2n])
by proposition 10.2, we obtain the following
πiE
m(Z/pl, 2n) ≃ pπi(LL
m((Z⊕ Z[1])[2n]))⊕ pHiL
m(2n+ 1, 2n; pl) = LiL
m(Z/pl, 2n)
by theorem 7.1.
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We have
E
m(Z/pl, 2n+ 1) =LLms (Z/p
l)[(2n+ 1)m]⊕⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
(2n+1)m
pi
,i
LN
m
pi
;p
s (Z/p
l)[
(2n+ 1)m
pi
+ d(w)]
LLms (Z/p
l)[(2n+ 1)m]⊕⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
(2n+1)m
pi
,i
LN
m
pi
;p
s (Z⊕ Z[1])[
(2n + 1)m
pi
+ d(w)]
Theorem 8.1 implies that
πi(LL
m
s (Z/p
l)[(2n+ 1)m]) ≃ pπi(LL
m
s (Z⊕ Z[1])[(2n+ 1)m])⊕ pHi−2nmL
m(2, 1; pl) ≃
pπi(LL
m
s (Z⊕ Z[1])[(2n + 1)m])⊕ pHiL
m(2n+ 2, 2n+ 1; pl) (10.27)
Since
E
m(Z⊕ Z[1], 2n+ 1) ∼ LLm((Z⊕ Z[1])[2n+ 1])
by proposition 10.2, we obtain the following
πiE
m(Z/pl, 2n+1) ≃ pπi(LL
m((Z⊕Z[1])[2n+1]))⊕ pHiL
m(2n+2, 2n+1; pl) ≃ LiL
m(Z/pl, 2n+1)
and the needed statement follows. 
Proposition 10.3 gives a possibility to follow the proof of the proposition 10.2,not only for
elements of DAb with torsion-free homology but for all elements of DAb and prove the following
Theorem 10.1. For every n,m ≥ 1, C ∈ DAb, there is an (unnatural) homotopy equivalence
E
m(C, n) ∼ LLm(C[n]).
11. Semi-de´calage
11.1. Semi-de´calage. For any pair of free abelian groups A and B, and m ≥ 2, we define a
pair of morphisms (see [3], 7.6)
χm : L
m
s (A)⊗ Λ
m(B)→ Lm(A⊗ B) (11.1)
χ¯m : L
m(A)⊗ Λm(B)→ Lms (A⊗ B) (11.2)
for a1, . . . , am ∈ A and b1, . . . , bm ∈ B, by
χm : {a1, . . . , am} ⊗ b1 ∧ · · · ∧ bm 7→
∑
σ∈Σm
sign(σ)[a1 ⊗ bσ1 , . . . , am ⊗ bσm ]
χ¯m : [a1, . . . , am]⊗ b1 ∧ · · · ∧ bm 7→
∑
σ∈Σm
sign(σ){a1 ⊗ bσ1 , . . . , am ⊗ bσm} .
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For m = 2k with k odd, we set
χm : {a1, . . . , ak}
[2] ⊗ b1 ∧ · · · ∧ bn 7→
∑
σ∈Am
[[a1 ⊗ bσ1 , . . . , ak ⊗ bσk ], [a1 ⊗ bσk+1 , . . . , ak ⊗ bσ2k ]],
Taking X ∈ DAb, B = K(Z, 1) we obtain the natural maps
LLm(X)
L
⊗ LΛm(Z, 1) = LLm(X)[m]→ LLms (X
L
⊗ K(Z, 1)) = LLms (X [1]) (11.3)
LLms (X)
L
⊗ LΛm(Z, 1) = LLms (X)[m]→ LL
m(X
L
⊗ K(Z, 1)) = LLm(X [1]) (11.4)
Iterating these constructions, we obtain the natural maps
LLm(X)[2nm]→ LLm(X [2n])
LLm(X)[(2n+ 1)m]→ LLms (X [2n+ 1])
LLms (X)[2nm]→ LL
m
s (X [2n])
LLms (X)[(2n+ 1)m]→ LL
m(X [2n+ 1])
11.2. Bousfield’s pension maps. For a functor T : Ab→ Ab, such that T (0) = 0, there is a
natural map
E : Z[M ]⊗ T (N)→ T (M ⊗N), M,N ∈ Ab
which induces a paring
E∗ : H˜∗K(Z, n)⊗ π∗(LT (X))→ π∗(LT (X [2])), n ≥ 1, X ∈ DAb
These constructions are from [2]. For n = 2, taking the generator ǫr ∈ H˜2rK(Z, 2) = Z, we
obtain so-called pension maps
ǫr : πi(LT (X))→ πi+2r(LT (X [2])), i ≥ 0.
Observe that, the composition of the maps (11.3) and (11.4) induces the composition map
πi(LL
m(X))→ πi+m(LL
m
s (X [1]))→ πi+2m(LL
m(X [2]))
which is exactly the pension map ǫr for the functor L
m.
The following statement is proved in ([2], Theorem 3.1):
Theorem 11.1. Let T : Ab→ Ab a polynomial functor of degree ≤ r (r ≥ 1) and let X ∈ DAb,
such that Hi(X) = 0, i > n for some n ≥ 0. Then
ǫr : πi(LT (X))→ πi+2r(LT (X [2]))
is an isomorphism for i > n(r − 1) + 1 and a monomorphism for i = n(r − 1) + 1.
Corollary 11.1. Let p be an odd prime. For i ≥ 1, let βi, µi, λi be nontrivial elements
βi ∈ π2i(Λ
2(K(Z, i))⊗ Z/2) = Z/2
µi ∈ π2pi(L
p(K(Z, 2i))⊗ Z/p) = Z/p
λi ∈ π2pi−1(L
p(K(Z, 2i))⊗ Z/p) = Z/p.
Then ǫ2(βi) 6= 0, ǫp(µi) 6= 0, ǫp(λi) 6= 0.
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There is a map
βd : L
d(B)⊗ SP d(A)→ Ld(B ⊗A)
given by
βd : [b1, . . . , bd]⊗ a1 . . . ad 7→
∑
σ∈Σd
[b1 ⊗ aσ1 , . . . , bd ⊗ aσd ]
For d|n, there is a natural map
SP n(A)→ ⊗n/d(SP d(A))
Construct the map
βd,n : L
d(B)⊗ SP n(A)→ Ld(B ⊗ (⊗n/d(A)))
as a composition
L
d(B)⊗ SP n(A)→ Ld(B)⊗ (⊗n/d(SP d(A)))→ Ld(B ⊗ (⊗n/d(A)))
Here the last map is the n/d-th iteration of the map βd. The following two lemmas follow
straightforwardly from definition of pension maps and composition maps in derived functors of
Lie functors (3.4).
Lemma 11.1. For d|n and free abelian groups A,X, Y , Xij ∈ {X, Y }, the following diagram
Ld(Xi1 ⊗ · · · ⊗Xin/d)⊗ SP
n(A)
βd,n //

Ld((Xi1 ⊗A)⊗ · · · ⊗ (Xin/d ⊗A))


Ln(X ⊕ Y )⊗ SP n(A)
βn // Ln((X ⊕ Y )⊗A)
is commutative.
Corollary 11.2. For d|n, C1, C2 ∈ DAb, Dij ∈ {C1, C2}, the following diagram
πi
(
LLd(Di1
L
⊗ . . .
L
⊗ Din/d)
)
ǫ
n/d
d //


πi+2n
(
LLd(Di1
L
⊗ . . .
L
⊗ Din/d[
2n
d
])
)


πi(LL
n(C1 ⊕ C2))
ǫn // πi+2n(LL
n((C1 ⊕ C2)[2]))
is commutative for all i ≥ 0.
Lemma 11.2. For i, k, l, q ≥ 0 and X ∈ DAb, the following diagram
LiL
k(Z, q)⊗ πq(LL
l(X)) //
ǫlk⊗ǫl

πi(LL
kl(X)))
ǫkl

Li+2klL
k(Z, q + 2l)⊗ πq+2l(LL
l(X [2])) // πi+2kl(LL
kl(X [2]))
is commutative.
Now we are ready to prove the following
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Theorem 11.2. For n ≥ 1, C ∈ DAb, the map
ǫn : πi(LL
n(C))→ πi+2n(LL
n(C[2])))
is injective for all i ≥ 0.
Proof. First observe that the statement follows for n = 1, in this case, the considered map is
an isomorphism. We will proceed by induction on n. Assume that the statement follows for all
Lie powers less than n.
Theorems 5.2, 5.5, Lemma 11.2 and Corollary 11.1 together with the fact that pension maps
commute with suspensions (see 2.3 [2]) imply that the map ǫn is injective for C = Z[l] for
every l ≥ 0. Corollary 11.2 imply that ǫn is injective for all C with torsion-free homology. The
spectral sequence (7.5) and Theorem 7.1 imply that there is the following diagram
pπi(LL
n(Z[m]⊕ Z[m+ 1]) // //
ǫn

LiL
n(Z/pl, m)
ǫn

// //
pHiL
n(n+ 1, n; pl)
≃

pπi+2n(LL
n(Z[m+ 2]⊕ Z[m+ 3]) // // Li+2nL
n(Z/pl, m+ 2) // pHi+2nL
n(n+ 1, n; pl)
for a prime p and l ≥ 1. The righthand map is an isomorphism by Proposition 7.2 (it can be
shown straightforwardly that the maps in Proposition 7.2 are induced by the pension maps).
Now we see that the middle map ǫn is injective and the needed inductive step follows from
Corollary 11.1. 
12. Prime Lie powers
12.1. Recall the definition of the graded functor
Γ∗ =
⊕
n≥0
Γn : Ab→ Ab.
The graded abelian group Γ∗(A) is generated by symbols γi(x) of degree i ≥ 0 satisfying the
following relations for all x, y ∈ A:
1) γ0(x) = 1
2) γ1(x) = x
3) γs(x)γt(x) =
(
s+ t
s
)
γs+t(x)
4) γn(x+ y) =
∑
s+t=n
γs(x)γt(y), n ≥ 1
5) γn(−x) = (−1)
nγn(x), n ≥ 1.
For n ≥ 2, define the functor
Γ˜n(A) : Ab→ Ab
by setting
Γ˜n(A) := im{A⊗ Γn−1(A)
ln→ Γn(A)}
where ln is the natural map. For example, one has
Γ˜2(A) = SP
2(A)
HOMOTOPY THEORY OF LIE FUNCTORS 35
and a natural exact sequence
0→ L3(A)→ Γ2(A)⊗ A→ Γ˜3(A)→ 0
For a prime p and k ≥ 1, one has the natural exact sequence
0→ Γ˜pk(A)→ Γpk(A)→ A⊗ Z/p→ 0
This implies that, for a complex C ∈ DAb≤0, one has a triangle
LΓ˜pk(C)→ LΓpk(C)→ C
L
⊗ Z/p→ LΓ˜pk(C)[1] (12.1)
Let A be an abelian group. For n ≥ 1, let Cn∗ (A) be the complex of abelian groups defined
by
Cni (A) = Λ
i(A)⊗ Γn−i(A), 0 ≤ i ≤ n,
where the differentials di : C
n
i (A)→ C
n
i−1(A) are:
di(b1 ∧ · · · ∧ bi ⊗X) =
i∑
k=1
(−1)kb1 ∧ · · · ∧ bˆk ∧ · · · ∧ bi ⊗ bkX
for any X ∈ Γn−i(A). The complexes C
n(A) are called dual de Rham complexes, they were
considered in [10].
Theorem 12.1. For a prime p and C ∈ DAb≤0, there are natural isomorphisms
πi(LΓp(C[1])) ≃ πi(LΓ˜p(C[1]))⊕ πi
(
C
L
⊗ Z/p[1]
)
(12.2)
for all i ≥ 0.
The p-torsion terms C
L
⊗ Z/p in theorem are basic tools for the general p-torsion terms in
the derived functors of Lie and super-Lie functors from the functorial point of view.
Lemma 12.1. For C ∈ DAb≤0, such that H0(C) = 0, one has π1(LΓ˜p(C)) = 0. If Hi(C) = 0
for i ≤ m (m ≥ 1), then
πi(LΓ˜p(C)) = 0, i ≤ m+ 2 (12.3)
Proof. For p = 2 this follows from (Satz 12.1 [7]). Since, for a free abelian group A, HiC
p(A) =
0, i > 0 (see [8], [10]), there is a natural exact sequence (a truncated part of the dual de Rham
complex)
0→ Λp(A)→ Λp−1(A)⊗ A→ · · · → Λ2(A)⊗ Γp−1(A)→ Γ˜p(A)→ 0 (12.4)
Observe that π1(LΛ
n(C)) = 0, n ≥ 2, π1
(
C
L
⊗ LΓp−1(C)
)
= 0 for C ∈ DAb≤0, such that
H0(C) = 0, and the result follows from the exactness of the sequence (12.4). In the same way
one can get (12.3) starting with a complex C with Hi(C) = 0, i ≤ m, just observing that, for
n ≥ 2, πi(LΛ
n(C)) = 0, i < m+ 1. 
Lemma 12.2. For every prime p and C ∈ DAb≤0, the suspension homomorphism
π1(LΓ˜p(C))→ π2(LΓ˜p(C[1]))
is the zero map.
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Proof. First consider the case p = 2. We have the following natural diagram
π1(LSP
2(C))
≃ //
susp

L1SP
2(H0(C))

π2(LSP
2(C[1]))
≃ // Λ2(H0(C))
(12.5)
The right-hand vertical map is zero by (Corollary 6.6, [7]). Another way to see why this map is
trivial is to write the cross-effect spectral sequence for π∗(LSP
2(C[1]) from [7]. The first page
of this spectral sequence implies that there is an exact sequence
0→ L1Λ
2(H0(C))→ Tor(H0(C), H0(C))→ L1SP
2(H0(C))→
Λ2(H0(C))→ H0(C)⊗H0(C)→ SP
2(H0(C))→ 0
where the middle map is exactly the map from (12.5) and it is zero map since the natural
transformation Λ2(H0(C))→ H0(C)⊗H0(C) is injective.
For p = 3, Γ˜3 = L
3 (see [3]) and one has π2(LΓ˜3(C[1])) = 0. Now consider the case p > 3.
In this case,
π2
(
C[1]
L
⊗ LΓp−1(C[1])
)
= 0,
hence
π2(LΓ˜p(C[1])) ≃ π1(LE
p(C[1])).
Since Hi(C
p(A)) = 0, i > 0 for every free abelian group A, and LiΛ
n(C[1]) = 0, i ≤ n, we
conclude that
π1(LE
p(C[1])) = 0
and hence the result. 
Proof of theorem 12.1 The proof is by induction on i. Lemma 12.1 implies that there is a
natural isomorphism
π1(LΓp(C[1])) ≃ π1(C
L
⊗ Z/p[1])
which is induced by the map LΓp(C[1])→ C
L
⊗ Z/p[1] from (12.1).
Consider separately the case i = 2. The needed statement follows from the suspension
diagram
π3
(
C
L
⊗ Z/p[1]
)
// π2(LΓ˜pk(C[1])) // π2(LΓpk(C[1])) // // π2
(
C
L
⊗ Z/p[1]
)
π2
(
C
L
⊗ Z/p
)
// π1(LΓ˜pk(C))
0
OO
// π1(LΓp(C))
OO
// // π1
(
C
L
⊗ Z/p
)
ff▼▼▼▼▼▼▼▼▼▼▼▼▼
where the left hand vertical homomorphism is zero by lemma 12.2.
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Now assume by induction, that for all i ≤ j (for some j ≥ 2), there is a natural isomorphism
(12.2), which is induced by (12.1). Presenting the complex C as · · · → Ci
∂i→ Ci+1 → . . . ,
consider the subcomplex Zj(C) of C defined as
(Zj(C))i = Ci, i ≥ j − 1,
(Zj(C))j−2 = im(∂i−1),
(Zj(C))i = 0, i < j − 2
The complex Zj(C) has the following properties:
1) the natural map Zj(C)→ C induces isomorphisms
πi
(
Zj(C)
L
⊗ Z/p
)
≃ πi
(
C
L
⊗ Z/p
)
, i ≥ j;
2) Hi(Zj(C)) = 0, i ≤ j − 2.
Consider the natural diagram
pij+2
(
C
L
⊗ Z/p[1]
)
// pij+1(LΓ˜p(C[1])) // pij+1(LΓp(C[1])) // // pij+1
(
C
L
⊗ Z/p[1]
)
pij+2
(
Zj(C)
L
⊗ Z/p[1]
)
// pij+1(LΓ˜p(Zj(C)[1])) //
OO
pij+1(LΓp(Zj(C)[1])) // //
OO
pij+1
(
Zj(C)
L
⊗ Z/p[1]
)
(12.6)
Lemma 12.1 implies that πj+1(LΓ˜p(Zj(C)[1])) = 0. The needed splitting now follows from
diagram (12.6). The inductive step is complete and the splitting (12.2) proved for all i. 
Proposition 12.1. The sequence
LSP 2(C[1])→ LΓ2(C[1])→ C
L
⊗ Z/2[1]
does not split in the category DAb≤0.
Proof. We will prove the statement for the simplest case, when C is a free abelian group.
Suppose that LΓ2(C[1]) ≃ LSP
2(C[1])⊕ C
L
⊗ Z/2[1]. Then
π2
(
LΓ2(C[1])
L
⊗ Z/2
)
≃ π2
(
LSP 2(C[1])
L
⊗ Z/2⊕ C
L
⊗ Z/2
L
⊗ Z/2[1]
)
≃
Λ2(C)⊗ Z/2⊕ C ⊗ Z/2
However, LΓ2(C[1]) can be presented as complex
(C ⊗ C ⊗ Z/2→ Γ2(C)⊗ Z/2)[1]
in the category DAb≤0 and
π2
(
LΓ2(C[1])
L
⊗ Z/2
)
= ker{C ⊗ C ⊗ Z/2→ Γ2(C)⊗ Z/2}.
Any natural transformation C ⊗Z/2→ C ⊗C ⊗Z/2 is zero. Hence, the assumed splitting not
possible. 
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For every m ≥ 2, there is the following de´calage isomorphism in the derived category
LΓm(C)[2m] ≃ LΛ
m(C[1])[m] ≃ LSPm(C[2])
which implies that the isomorphisms (12.2) can be written in the following form. For a prime
p and C ∈ DAb≤0, there are natural isomorphisms
πi(LΛ
p(C[2])) ≃ πi(LΓ˜p(C[1])[p])⊕ πi
(
C
L
⊗ Z/p[p+ 1]
)
(12.7)
for all i ≥ 0.
Recall that, for a free abelian group A, there is the following long exact sequence which is
called Koszul complex:
0→ Λp(A)→ Λp−1(A)⊗ A→ · · · → A⊗ SP p−1(A)→ SP p(A)→ 0 (12.8)
For k = 1, . . . , p− 1, define the functor
Vp,k : Ab→ Ab
as a kernel of a map in the Koszul complex
Vp,k(A) = ker{Λ
p−k(A)⊗ SP k(A)→ Λp−k+1(A)⊗ SP k+1}.
Clearly, Vp,p−1(A) = Jp(A), Vp,1(A) = Λ
p(A).
Lemma 12.3. For k = 1, . . . , p−1, and C ∈ DAb≤0, there are natural splitting monomorphisms
πi
(
C
L
⊗ Z/p [p+ k]
)
→֒ πi(LVp,k(C[2]))) (12.9)
for all i ≥ 0.
Proof. For k = 1 the needed splitting monomorphisms are given by (12.7). Assume that we
have splitting monomorphisms (12.7) for a fixed k < p− 1. Since the sequence (12.8) is exact,
for k = 1, . . . , p− 1 and a free abelian A, there is a natural short exact sequence
0→ Vp,k(A)→ Λ
p−k(A)⊗ SP k(A)→ Vp,k+1(A)→ 0
Observe that, for C ∈ DAb≤0, such that Hi(C) = 0, i ≤ m,
πi
(
LΛk(C[2])
L
⊗ LSP p−k(C[2])
)
= 0, i < 2m+ 2p− k + 2.
In particular, there are natural isomorphsism
πi+1(LVp,k+1(C[2])) ≃ πi(LVp,k(C[2])
for i < 2p− k + 2. This shows that the needed splitting monomorphisms
πi+1(C
L
⊗ Z/p [p + k + 1]) ≃ πi
(
C
L
⊗ Z/p [p + k]
)
→֒ πi(LVp,k(C[2])) ≃ πi+1(LVp,k+1(C[2]))
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exist for i < 2p − k + 2. For a fixed j ≥ 2, consider the complex Zj(C) from the proof of
theorem 12.1 with a natural map Zj(C)→ C. One has the following natural diagram
πj+1(LVp,k+1(Zj(C)[2]))

≃ // πj(LVp,k(Zj(C)[2]))

)) ))❘❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
πj
(
Zj(C)
L
⊗ Z/p[p + k]
)
kk
πj+1(LVp,k+1(C[2])) // πj(LVp,k(C[2]))
)) ))❘❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
πj
(
C
L
⊗ Z/p[p+ k]
)
ll
Here the diagonal maps are natural monomorphisms and epimorphisms (12.9). The needed
splitting monomorphism
πj+1(C
L
⊗ Z/p [p+ k + 1]) →֒ πj+1(LVp,k+1(C[2]))
now follows from the above diagram. 
Theorem 12.2. For a prime p and C ∈ DAb≤0, there are natural splitting monomorphisms
πi
(
C
L
⊗ Z/p [2p− 1]
)
→֒ πi(LL
p(C[2])) (12.10)
for all i ≥ 0.
Proof. Recall that, for a free abelian group A, there is a natural short exact sequence (see 2.12)
0→ J˜p(A)→ Lp(A)→ Jp(A)→ 0 (12.11)
It follows from [6] that the functor J˜p can be decomposed as a sequence of functors of the type
F1 ⊗ · · · ⊗ Fk for some k ≥ 2, such that each Fj , i = 1, . . . , k is a composition of symmetric
powers and functors J l, l < p.
Recall that, for C ∈ DAb≤0, such that Hi(C) = 0, i < k, by [7], Satz 12.1
πi(LSP
n(C)) = 0,
{
for i < n, when k = 1,
for i < k + 2n− 2, provided k > 1.
(12.12)
and
πi(LJ
n(C)) = 0,
{
for i < n+ 1, when k = 1,
for i < k + 2n− 1, provided k > 1.
(12.13)
Curtis decomposition of the functor J˜p together with (12.12) and (12.13) imply that, for C ∈
DAb≤0, such that Hi(C) = 0, i < k, (k > 1)
πi(LJ˜
p(C)) = 0, i < 2p+ 2k − 2.
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Now we construct the needed splitting monomorphism (12.10) by induction on i. The argument
is the same as in the proof of theorem 12.1 and lemma (12.3). For a fixed i, we consider the
natural map Zi(C) → C and compare the sequences of functors (12.11) for the complexes
Zi(C)[2] and C[2]. 
For a prime p, i,m ≥ 1, and C ∈ DAb≤0 consider the following map
πi
(
LLm(C)
L
⊗ Z/p [2p+ 2m− 3]
)
→ πi
(
LLm(C[2])[2p− 3]
L
⊗ Z/p
)
→
πi (LL
p ◦ Lm(C[2]))→ πi (LL
pm(C[2]))
where the last map is induced by the natural transformation Lp ◦Lm → Lpm. Denote this map
by wi,p,m.
Lemma 12.4. If (m, p) = 1 and homology of C are torsion-free, then wi,p,m is a monomorphism
for all i ≥ 1.
Proof. Consider a prime decomposition of m: m = pk11 . . . p
ks
s , where pj are primes and kj ≥ 0.
We will prove the statement by induction on k(m) = k1 + · · · + ks. If k(m) = 0, then the
statement follows from theorem 12.2.
Step 1. First we show that wp,m is injective if C = Z[l] for some l. The description of the
derived functors L∗L
m(Z, l) given in section 5 implies that
πi
(
LLm(Z, l)
L
⊗ Z/p
)
= 0, m 6= 2
Only the case which we have to consider here is m = 2 and an odd l. In this case
LLm(Z, l)
L
⊗ Z/p ≃ Z/p [2l]
The map
L
m(Z, l)[2m]
L
⊗ Z/p→ Lm(Z, l + 2)
L
⊗ Z/p
is an equivalence in DAb≤0. Now observe that, by theorem 5.2, the natural map
πi
(
LLp ◦ Λ2(Z, l + 2
)
≃ LiL
p(Z, 2l + 4)→ LiL
2p(Z, l + 2)
is an isomorphism. Therefore, wi,p,m is a monomorphism for C = Z[l].
Step 2. Now we assume that, for complexes C1 and C2, the maps wp,m are injective. Consider
the cross-effects of the functors which appear in the definition of wp,m. We have
πi
(
LLm(C1[2] | C2[2])
L
⊗ Z/p
)
≃
⊕
d|m, 1≤d<m, D∈Jm/d
πi
(
LLd(Di1
L
⊗ . . .Dim/d[
2m
d
])
L
⊗ Z/p
)
where {D1, . . . , Dim/d} = {C1, C2}. For every d, and D ∈ Jm/d, we have the following commu-
tative diagram
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πi
(
LLd(D1
L
⊗ . . .
L
⊗ Dim/d [
2m
d
])
L
⊗ Z/p [2p− 3]
)
wi,p,d

// πi(LL
p ◦ Lm(C1[2] | C2[2]))

πi
(
LLpd(D1
L
⊗ . . .
L
⊗ Dim/d [
2m
d
])
)
// // πi(LL
pm(C1[2] | C2[2]))
The map wi,p,d is a monomorphism by induction, therefore, the map wi,p,m induce the monomor-
phism
πi
(
LLm(C1[2] | C2[2])
L
⊗ Z/p [2p− 3]
)
→֒ πi (LL
pm(C1[2] | C2[2])))
Now the statement follows by induction from Step 1 and Step 2, since C is unnaturally
equivalent to a direct sum of its homology considered in the corresponding dimensions. 
Proposition 12.2. Let X be a free abelian simplicial group, then, for a prime p and n ≥ 1,
there are natural isomorphisms
πi(L
p(Σ2n(X))⊗ Z/p) ≃
⊕
w∈V
(p)
2n,1
πi(X ⊗ Z/p [2n+ d(w)]) (12.14)
for i < 2np.
13. Map κ
For an abelian A, m,n ≥ 1, denote the graded abelian groups
Θm(A, 2n) :=
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
2nm
pi
,i
N
m
pi
;p
(A)[
2nm
pi
+ d(w)]
Θm(A, 2n+ 1) :=
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈W
(p)
(2n+1)m
pi
,i
N
m
pi
;p
s (A)[
(2n+ 1)m
pi
+ d(w)]
and their analogs where the indexes are from V-sets:
Θ˜m(A, 2n) :=
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈V
(p)
2nm
pi
,i
N
m
pi
;p
(A)[
2nm
pi
+ d(w)]
Θ˜m(A, 2n+ 1) :=
⊕
p prime
pk|m
pk+1∤m
⊕
i=1,...,k
w∈V
(p)
(2n+1)m
pi
,i
N
m
pi
;p
s (A)[
(2n+ 1)m
pi
+ d(w)]
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Theorem 13.1. For a free abelian group A and m,n ≥ 1, there is a natural isomorphism of
graded abelian groups
nm−1⊕
i=1
LiL
m(A, n)[i] ≃ Θm(A, n)
Proof. Case I: n even. In this case we can write the dimension 2n instead of n. First we prove
that there is a natural isomorphism of graded abelian groups
⊕
p|m p prime
2mn−1⊕
i=1
πi(L
mN−1(A[2n])⊗ Z/p)[i] ≃ Θ˜m(A, 2n) (13.1)
For a prime p, define V
(p)
∗,0 = V
(p)
∗,0 = {0} and d(0) = 0. For w ∈ V
(p)
2nd,i (i ≥ 0), define the map
κd,w : N
d;p(A)→ π2nd+d(w)(L
dpiN−1(A[2n])⊗ Z/p)
as follows. For i = 0, this map is a natural isomorphism
κd,0 : N
d;p(A)
≃
−→ π2nd(L
dN−1(A[2n])⊗ Z/p).
Suppose the map κd,w is defined for all w ∈ V
(p)
2nd,l for l < i. Let w = (νj1 , . . . , νji) and
v := (λj1, . . . , λji−1) ∈ V
(p)
2nd,i−1. Let
d(νji) :=
{
(2p− 2)ji − 1, if νji = λji
(2p− 2)ji, if νji = µji
Clearly, d(w) = d(w′) + d(νji). Let C := L
dpi−1N−1(A[2n])⊗ Z/p〈2nd+ d(w′)〉. Now we define
the map κd,w as the following composition map
Nd;p(A)
κd,w′

π2nd+d(w′)(L
dpi−1N−1(A[2n])⊗ Z/p)
≃ // π2nd+d(w′)(C)


π2nd+d(w′)+d(νji )(
⊕
w∈V
(p)
2nd+d(w′),1
C[2nd+ d(w)])
≃

π2nd+d(w)(L
p ◦ Ldp
i−1
N−1(A[2n])⊗ Z/p)

π2nd+d(w)(L
p(C))oo
π2nd+d(w)(L
dpiN−1(A[2n])⊗ Z/p)
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Consider the case A = Z. It follows from theorem 5.5, that it is enough to consider the case
m = pk for a prime p and k ≥ 1. In this case, we have a map of graded abelian groups⊕
j=0,...,k−1
w∈V
(p)
2npj ,k−j
N
pj ;p(Z)[2npj + d(w)] ≃
⊕
j=0,...,k−1
w∈V
(p)
2npj ,k−j
Z/p [2npj + d(w)]→
π∗(L
pkN−1(Z[2n])⊗ Z/p) ≃
⊕
v∈V
(p)
2n,k
Z/p [2n+ d(w)] (13.2)
defined as a sum of κpj ;p-maps for j = 1, . . . , k. It follows immediately from the construction
of the map κpj ;p that, for j ≥ 1, the summand Z/p which corresponds to w = (w1, . . . , wk−j) ∈
V
(p)
2npj ,k−j, goes to the term Z/p which corresponds to
(µn, . . . , µpj−1n, w1, . . . , wk−j) ∈ V2n,k
We have
2n + d(µn, . . . , µpj−1n, w1, . . . , wk−j) = 2np
j + d(w1, . . . , wk−j)
Therefore, the map (13.2) is an isomorphism.
Now we compare cross-effects. Observe that, for l|d, w ∈ V
(p)
2nd,i, and Ci1 ⊗ · · · ⊗ Cid/l ∈
Jd/l, Ci ∈ {A,B} we have the following natural diagram
Nl;p(Ci1 ⊗ · · · ⊗ Cid/l)


κl;w // π2nd+d(w)(L
lpiN−1(Ci1 ⊗ · · · ⊗ Cid/l[
2nd
l
])⊗ Z/p)


Nd;p(A⊕ B)
κd;w // π2nd+d(w)(L
dpiN−1(A⊕ B[2n])⊗ Z/p)
(13.3)
By theorem 10.1, the graded abelian groups⊕
p|m p prime
2mn−1⊕
i=1
πi(L
mN−1(A[2n])⊗ Z/p)[i] and Θ˜m(A, 2n) (13.4)
are abstractly isomorphic. The above observations show that the direct sum of maps κd,w defines
a natural surjective map from the right hand side of (13.4) to the left hand side. Components in
both graded functors in (13.4) are finitely-generated for finitely-generated A and these functors
commute with direct limits. Therefore, there is a natural isomorphism of graded abelian groups
(13.4).
Observe that, for i ≥ 1, there is a natural exact sequence
0→ LiL
m(A, 2n)⊗Z/p→ πi(L
mN−1(A[2n])⊗Z/p)→ Tor(Li−1L
m(A, 2n),Z/p)→ 0 (13.5)
For i < 2nm, LiL
m(A, 2n) ⊗ Z/p is naturally isomorphic to the p-torsion component of
LiL
m(A, 2n). This follows from the abstract description of the derived functors LiL
m(A, 2n)
(i ≤ 2mn): for a free A these are direct sums of Z/p-vector spaces for different primes p.
Now consider the obvious natural embedding
pm,n : Θm(A, 2n) ⊂ Θ˜m(A, 2n) ≃
⊕
p|m p prime
2mn−1⊕
i=1
πi(L
mN−1(A[2n])⊗ Z/p)[i]
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induced by the obvious embeddings of the indexed sets in the definition of Θm(A, 2n) and
Θ˜m(A, 2n). Now observe that the image of the left hand map in (13.5) lies in the image of
pm,2n. This follows from theorem 5.5 and the diagram (13.3). Since the graded abelian groups⊕
p|m p prime
2mn−1⊕
i=1
LiL
m(A, 2n)⊗ Z/p[i] and Θm(A, 2n)
are abstractly isomorphic, they are naturally isomorphic as well, since the left hand map in
(13.5) defines a natural monomorphism between them and they are isomorphic direct sums of
Z/p-vector spaces.
Case II: n odd. This case is analogous to the Case I. First we prove that the graded abelian
groups ⊕
p|m p prime
2mn−1⊕
i=1
πi(L
mN−1(A[2n+ 1])⊗ Z/p)[i] and Θ˜m(A, 2n+ 1) (13.6)
are naturally isomorphic. These graded abelian groups are abstractly isomorphic by theorem
10.1, hence, as above, it is enough to construct a natural surjective map between them. For a
prime p, w ∈ V
(p)
(2n+1)d,i, the construction of the map
κ′d,w : N
d;p
s (A)→ π(2n+1)d+d(w)(L
dpiN−1(A[2n+ 1])⊗ Z/p)
is analogous to the construction of the map κd,w. Repeating the proof from the Case I, we get
a natural isomorphism of the graded abelian groups (13.6). A transition from the homotopy
groups of LmN−1(A[2n+ 1])⊗ Z/p to Lm(A, 2n+ 1) is analogous to the Case I. 
Remark. Another way, how to define a natural map is to consider a composition map
N
d;p(A) →֒
⊕
V
(p)
2nd,i
N
d;p(A) =
π2nd(L
dN−1(A[2n])⊗ Z/p)⊗ π2nd+d(w)(L
piK(Z, 2nd)⊗ Z/p)→
π2nd+d(w)(L
dpiN−1(A[2n])⊗ Z/p) (13.7)
Here the first inclusion is induced by the inclusion V
(p)
2nd,i ⊂ V
(p)
2nd,i. However, it is not straight-
forward from the definition that this map is a homomorphism on A.
14. Homotopy groups
Given a simplicial set K with simply connected geometric realization |K|, the Kan loop group
construction GX has the following property: there is an equivalence of fiber sequences:
|[GK,GK]| //
≃

|GK| //
≃

|(GK)ab|
≃

ΩΓ|K| // Ω|K| // ΩSP∞|K|
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In particular, the Hurewicz homomorphism
πn(|K|)→ Hn(|K|), n ≥ 2
is given as πn−1(GK)→ πn−1((GK)ab).
The lower central series filtration of GK gives rise to the long exact sequence
· · · → πi+1(GK/γr(GK))→ πi(γr(GK)/γr+1(GK))→ πi(GK/γr+1(GK))→ πi(GK/γr(GK))→ . . .
This exact sequence defines a graded exact couple, which gives rise to a natural spectral sequence
E(K) with the initial terms
E1r,q(K) = πq(γr(GK)/γr+1(GK))
and differentials
dip,q : E
i
r,q(K)→ E
i
r+i, q−1(K). (14.1)
This spectral sequence Ei(K) converges to E∞(K) and ⊕rE
∞
p,q is the graded group associated
to the filtration on πq(GK) = πq+1(|K|). The groups E
1(K) are homology invariants of K. By
the Magnus-Witt isomorphism, the spectral sequence can be rewritten as
E1r,q(K) = πq(L
r(Z˜K,−1)) =⇒ πq+1(|K|). (14.2)
since the abelianization GKab := GK/γ2(GK) of GK corresponds to the reduced chains Z˜K
on K, with degree shifted by 1. When K = M(A, n), Z˜K corresponds to an Eilenberg-Mac
Lane space K(A, n) so that the spectral sequence is simply of the form
E1r,q = LqL
r(A, n− 1) =⇒ πq+1(M(A, n)) . (14.3)
In particular,
E11,q = πq(K(A, n− 1)) =
{
A, q = n− 1
0, q 6= n− 1
q E11,q E
1
2,q E
1
3,q E
1
4,q E
1
5,q E
1
6,q E
1
7,q E
1
8,q E
1
12,q E
1
16,q E
1
32,q
7 0 0 0 Z/2 Z/22 Z/2 Z/2 Z/24 Z/2 Z/27 Z/25
6 0 0 0 Z/4 Z/2 Z/2 0 Z/24 0 Z/24 Z/2
5 0 0 0 Z/22 0 Z/2 0 Z/23 0 Z/2 0
4 0 0 Z/2 Z/22 0 0 0 Z/2 0 0 0
3 0 Z/2 0 Z/2 0 0 0 0 0 0 0
2 0 Z/4 0 0 0 0 0 0 0 0 0
1 Z/2 0 0 0 0 0 0 0 0 0 0
Table 6. The spectral sequence for ΣRP 2 = M(Z/2, 2)
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q E11,q E
1
2,q E
1
3,q E
1
4,q E
1
5,q E
1
6,q E
1
7,q
10 0 0 0 0 L5(A) 0 0
9 0 0 0 0 A⊗ Z/5 L3(A)⊗ Z/2 0
8 0 0 0 L4(A) 0 0 0
7 0 0 0 Γ2(A)⊗ Z/2 0 Λ
2(A)⊗ Z/3⊕ L3(A)⊗ Z/2 0
6 0 0 L3(A) 0 0 0 0
5 0 0 A⊗ Z/3 Γ2(A)⊗ Z/2 0 0 0
4 0 Λ2(A) 0 A⊗ Z/2 0 0 0
3 0 A⊗ Z/2 0 0 0 0 0
2 A 0 0 0 0 0 0
Table 7. The spectral sequence for M(A, 3) (A free)
q E18,q E
1
9,q E
1
12,q E
1
16,q E
1
24,q
10 Γ2(A) ⊗ Z/2 0 L
3(A)⊗ Z/2 (Γ2(A)
⊕3 ⊕A⊕2)⊗ Z/2 (L3(A)⊗ Z/2)⊕2
⊕N4;2(A)
9 Γ2(A) ⊗ Z/2⊕N
4;2(A) N3;3(A) L3(A)⊗ Z/2 (Γ2(A)
⊕2 ⊕A⊕2)⊗ Z/2 L3(A)⊗ Z/2
8 (Γ2(A)⊕A)⊗ Z/2 A⊗ Z/3 L
3(A)⊗ Z/2 (Γ2(A)
⊕2 ⊕A)⊗ Z/2 0
7 Γ2(A) ⊗ Z/2 0 0 (Γ2(A)⊕A
⊕2)⊗ Z/2 0
6 (Γ2(A)⊕A)⊗ Z/2 0 0 A⊗ Z/2 0
5 A⊗ Z/2 0 0 0 0
4 0 0 0 0 0
q E132,q E
1
48,q E
1
64,q E
1
128,q E
1
256,q
10 (Γ2(A)
⊕4 ⊕A⊕4)⊗ Z/2 L3(A)⊗ Z/2 (Γ2(A)
⊕4 ⊕A⊕6)⊗ Z/2 (Γ2(A)⊕A
⊕5)⊗ Z/2 A⊗ Z/2
9 (Γ2(A)
⊕3 ⊕A⊕3)⊗ Z/2 0 (Γ2(A) ⊕A
⊕4)⊗ Z/2 A⊗ Z/2 0
8 (Γ2(A)⊕A
⊕3)⊗ Z/2 0 A⊗ Z/2 0 0
7 A⊗ Z/2 0 0 0 0
6 0 0 0 0 0
14.1. Generalized spectral sequence and bifunctors. Let X be a simply connected sim-
plicial set and Y a finite dimensional simplicial set. There is a spectral sequence with initial
term
E1r,q =
⊕
i
H i(ΣqY, πi(γr(GX)/γr+1(GX)))
which depends only on homology of X, Y and converges to the graded group associated with
filtration of the group [Σq+1Y,X ]. Here GX is the Kan loop group of X. The case when Y is a
sphere is the classical Curtis spectral sequence, which converges to homotopy groups of X.
Consider a simple space Y from the point of view of homology, say Y = M(A, 1). Then
H i(ΣqM(A, 1), πi(γr(GX)/γr+1(GX))) =
{
Hom(A, πq(γr(GX), γr+1(GX))), i = q − 1
Ext(A, πq(γr(GX), γr+1(GX))), i = q
Take X = M(B, 2) for an abelian group B. Then
H i(ΣqM(A, 1), πi(γr(GX)/γr+1(GX))) =
{
Hom(A,LqL
r(B, 1)) i = q − 1
Ext(A,LqL
r(B, 1)) i = q
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k 3pik+3S
3
3pik+4S
4
3pik+5S
5
12 0 0 0
11 Z/3 Z/3 Z/9
10 Z/3 Z/3⊕ Z/3 Z/9
9 0 0 0
8 0 0 0
7 Z/3 Z/3 Z/3
6 Z/3 Z/3⊕ Z/3 0
5 0 0 0
4 0 0 0
3 Z/3 Z/3 Z/3
2 0 0 0
1 0 0 0
Table 8. 3-torsion in πn+kS
n, n = 3, 4, 5
k 3pikM(A, 3) 3pikM(A, 4) 3pikM(A, 5)
12 0 L
4(A)⊗ Z/3 0
11 N
3;3(A)⊕ L5(A)⊗ Z/3 A⊗ Z/3 Λ2(A)⊗ Z/3⊕A⊗ Z/9
10 A⊗ Z/3 (Γ2(A)⊕A)⊗ Z/3 A⊗ Z/9
9 (L4(A)⊕ Λ2(A))⊗ Z/3 L3s(A)⊗ Z/3 0
8 0 0 0
7 N
3;3(A) A⊗ Z/3 (Λ2(A)⊕A)⊗ Z/3
6 A⊗ Z/3 (Γ2(A)⊕A)⊗ Z/3 0
5 Λ2(A) ⊗ Z/3 0 0
4 0 0 0
3 A⊗ Z/3 A⊗ Z/3 A⊗ Z/3
2 0 0 0
1 0 0 0
Table 9. 3-torsion in πn+kM(A, n) for A free
The initial terms are the following:
q E11,q E
1
2,q E
1
3,q E
1
4,q
4 0 0 Hom(A,L1L
3
s(A)) Hom(A,L4L
4(B, 1))
3 0 Hom(A,L1Γ2(B)) Hom(A,L
3
s(B)) Ext(A,L4L
4(B, 1)
2 0 Hom(A,Γ2(B)) Ext(A,L
3
s(B)) 0
1 Hom(A,B) Ext(A,Γ2(B)) 0 0
We have immediately the sequence of Barratt:
0→ Ext(A,Γ2(B))→ [M(A, 2),M(B, 2)]→ Hom(A,B)→ 0
which is not split. At the next step, we have an exact sequence
[M(A, 4),M(B, 2)]→ Hom(A,L1Γ2(B))→ Ext(A,L
3
s(B))→
[M(A, 3),M(B, 2)]→ Hom(A,Γ2(B))→ 0
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15. Appendix A: Tables of derived functors
1. Derived functors LiL
4(A, 2), LiL
8(A, 2) for A free, together with sets of allowable words:
LiL
4(A, 2) W2,2 LiL
8(A, 2) W2,3
16 0 0 L8 0
15 0 0 N4;2 (2, 4, 7)
14 0 0 0 0
13 0 0 N4;2 (2, 4, 5)
12 0 0 Γ2 ⊗ Z/2 (2, 3, 5)
11 0 0 N4;2 (2, 4, 3)
10 0 0 Γ2 ⊗ Z/2 (2, 3, 3)
9 0 0 Γ2 ⊗ Z/2⊕N
4;2 (2, 2, 3), (2, 4, 1)
8 L4 0 Γ2 ⊗ Z/2⊕ A⊗ Z/2 (2, 3, 1), (1, 2, 3)
7 Γ2 ⊗ Z/2 (2, 3) Γ2 ⊗ Z/2 (2, 2, 1)
6 0 0 Γ2 ⊗ Z/2⊕ A⊗ Z/2 (2, 1, 1), (1, 2, 1)
5 Γ2 ⊗ Z/2 (2, 1) A⊗ Z/2 (1, 1, 1)
i=4 A⊗ Z/2 (1, 1) 0 0
2. 3-torsion in derived functors LiL
n(A, 2), for i ≤ 21, n ≤ 27 for A free:
n = 6 9 12 15 18 21 24 27
21 0 0 0 L5 ⊗ Z/3 0 L7 ⊗ Z/3 0 N9;3 ⊕ (A/3A)⊕2
20 0 0 0 0 0 0 0 N3;3
⊕3
⊕A/3A
19 0 0 L4 ⊗ Z/3 0 N6;3 ⊕ Λ2 ⊗ Z/3 0 L8 ⊗ Z/3 A/3A
18 0 0 0 0 Λ2 ⊗ Z/3 0 0 0
17 0 N3;3 0 L5 ⊗ Z/3 0 L7 ⊗ Z/3 0 N3;3
⊕2
16 0 0 0 0 0 0 0 N3;3
⊕2
⊕ (A/3A)⊕2
15 0 0 L4 ⊗ Z/3 0 N6;3 ⊕ Λ2 ⊗ Z/3 0 0 (A/3A)⊕2
14 0 0 0 0 (Λ2 ⊗ Z/3)⊕2 0 0 0
13 0 N3;3 0 L5 ⊗ Z/3 0 0 0 N3;3
12 0 A/3A 0 0 0 0 0 N3;3 ⊕ A/3A
11 Λ2 ⊗ Z/3 0 L4 ⊗ Z/3 0 Λ2 ⊗ Z/3 0 0 A/3A
10 0 0 0 0 Λ2 ⊗ Z/3 0 0 0
9 0 N3;3 0 0 0 0 0 0
8 0 A/3A 0 0 0 0 0 0
7 Λ2 ⊗ Z/3 0 0 0 0 0 0 0
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3. 3-torsion in derived functors LiL
n(A, 2), for i ≤ 21, n ≤ 135:
n = 36 45 54 63 81 108 135
21 0 (L5 ⊗ Z/3)⊕2 (Λ2 ⊗ Z/3)⊕3 L7 ⊗ Z/3 N3;3
⊕3
(L4 ⊗ Z/3)⊕3 L5 ⊗ Z/3
20 0 (L5 ⊗ Z/3)⊕2 0 L7 ⊗ Z/3 N3;3
⊕6
⊕ (A/3A)⊕3 0 (L5 ⊗ Z/3)⊕2
19 (L4 ⊗ Z/3)⊕2 0 N6;3 ⊕ (Λ2 ⊗ Z/3)⊕2 0 N3;3
⊕4
⊕ (A/3A)⊕5 L4 ⊗ Z/3 L5 ⊗ Z/3
18 (L4 ⊗ Z/3)⊕2 0 N6;3 ⊕ (Λ2 ⊗ Z/3)⊕5 0 (A/3A)⊕3 (L4 ⊗ Z/3)⊕2 0
17 0 L5 ⊗ Z/3 (Λ2 ⊗ Z/3)⊕3 0 N3;3 L4 ⊗ Z/3 0
16 0 L5 ⊗ Z/3 0 0 N3;3⊕2⊕A/3A 0 0
15 L4 ⊗ Z/3 0 Λ2 ⊗ Z/3 0 N3;3 ⊕ (A/3A)⊕2 0 0
14 L4 ⊗ Z/3 0 (Λ2 ⊗ Z/3)⊕2 0 A/3A 0 0
13 0 0 Λ2 ⊗ Z/3 0 0 0 0
4. 3-torsion in derived functors LiL
n(A, 2), for i ≤ 21, n > 135:
n = 162 243 324 486 729
21 N6;3 ⊕ (Λ2 ⊗ Z/3)⊕11 N3;3 ⊕ (A/3A)⊕4 (L4 ⊗ Z/3)⊕3 (Λ2 ⊗ Z/3)⊕6 N3;3 ⊕ (A/3A)⊕4
20 (Λ2 ⊗ Z/3)⊕4 N3;3
⊕3
⊕A/3A L4 ⊗ Z/3 (Λ2 ⊗ Z/3)⊕4 A/3A
19 Λ2 ⊗ Z/3 N3;3
⊕3
⊕ (A/3A)⊕3 0 Λ2 ⊗ Z/3 0
18 (Λ2 ⊗ Z/3)⊕3 N3;3 ⊕ (A/3A)⊕3 0 0 0
17 (Λ2 ⊗ Z/3)⊕3 A/3A 0 0 0
16 Λ2 ⊗ Z/3 0 0 0 0
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